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ABSTRACT

In this study, electrical responses of conductive granular mixtures over a wide frequency range were investi-
gated by focusing on the universal power-law scaling. The studied granular packings with various proportion
of conductive grains were considered as resistor-capacitor networks based on contact fabrics and interfacial
properties. With prescribed contact networks constructed from the discrete element method, we employed
both percolation theories and circuit simulation to compute electrical responses, both of which well predict the
span of power-law regimes obtained in experimental observations. This study reveals the role of percolation in
controlling electrical responses of conductive granular materials and provide insight into testing techniques for
granular energy materials and systems.
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1. INTRODUCTION
As one of intrinsic electrical properties, the ‘universal
dielectric responses’ (UDR) characterised by power
law scaling over a certain range of frequencies
have been observed in different types of materials,
such as metal nanoparticles,�1�2� random conductor-
insulator mixtures,�3�4� disordered ceramics,�5�6� ion/
electron-conducting glasses�6–8� and amorphous semi-
conductors.�7�9� This frequency-dependent behaviour is
of significance in diverse applications including mate-
rial characterization,�5�7� battery optimisation,�10� and
electronic sensors.�11� For typical conductive granular
materials,�12� the alternating current (AC) responses over a
wide frequency range covering the UDR regime, exhibit at
low and high frequencies, respectively, a resistive plateau
and a state of nearly constant loss (NCL).�13–15� With
proper normalization procedure described in Ref. [12],
the AC responses obtained under various mechanical
compression�12� were found to follow a single master
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curve. The electrical responses in granular materials have
been investigated by effective-medium approximations
(EMA),�13�18–20� 2D/3D lattice networks,�3�14�15�17�21�22� dis-
crete element method modeling.�12�20�23� These approaches
usually involve imposed assumptions of topological struc-
tures and transport mechanisms at the microscale.�12�13�24�

In the development of lithium-ion battery elec-
trodes that can be meaningfully considered as granular
materials,�19�20� electrochemical impedance spectroscopy
(EIS) has been widely applied to monitor battery per-
formance, predict the likelihood of failure and optimise
battery design.�25�26� Specifically, the electrical responses
of a non-destructive perturbating signal offer a wealth
of information about the battery system such as, the
reaction mechanisms, state of charge, kinetics at each
electrode, passivating film behaviour, and possible elec-
trode corrosion.�27� For lithium-ion batteries, the UDR
together with the resistive plateau and NCL were typically
observed in Bode plots�28�29� of EIS measurements, fur-
ther featured by a transition from diffusional impedance
to bulk impedance. This AC response is similar to that
of conductive granular materials.�12�17� The EIS data are
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commonly analysed by fitting to a standard equivalent
electrical circuit model which gives the best match to
the measured data. Based on the physical characteristics
and processes involved in the electrochemical cell, these
models are partially or completely empirically chosen,
consisting basic electrical elements, i.e., resistors, capaci-
tors and inductors.�25�30–34� For instance, the Randels cell
model�32� includes a solution resistance and a double-
layer capacitor in parallel with a charge-transfer resis-
tance. However, these elements were phenomenologically
implemented and usually lose the direct connection to
microstructures and states of electrodes. The real energy
systems can be considered as a large number of circuit ele-
ments with various of connection patterns exhibiting much
more complex behaviour than that of simple equivalent cir-
cuits. Though nonlinear least squares procedures�28�29�35�

have been adopted in simplified models with adjusted cir-
cuit parameters, in order to minimise the error obtained
from numerical models, the physical origins of the dis-
persion between the experimental and numerical models
remain unclear.
In this study, we employed both numerical and ana-

lytical approaches to elucidate the electrical transport of
conductive granular materials, highlighting the role of
percolation behaviour in dominating AC responses. The
obtained numerical and analytical results were validated
with measured AC spectra of conductive granular mixtures
by focusing on the span of power-law scaling segments.
Numerically, we simulated the AC responses of resistor-
capacitor (RC) networks established from prescribed pack-
ing structures of various types and sizes. The onset
and termination of power-law segment are respectively
defined between the peaks found in spectra of imaginary
impedance and electrical impedance module. Analytically,
at low and high frequencies, we computed for differ-
ent types of RC networks, respectively, the percolation-
determined conductivity and permittivity. These values
together with the universal centre�17� essentially determine
the power-law segments. This study reveals fundamental
drives shaping the AC responses for various conductive
granular mixtures and sheds light upon testing techniques
for characterising granular energy materials.

2. THEORETICAL BACKGROUND
2.1. Percolation Probability
Typical Bode plots for lithium-ion battery electrodes
demonstrate a resistive plateau at low frequencies and
NCL state at high frequencies.�28�29� More generally, AC
spectra for RC network can demonstrate different transi-
tion modes from low to high frequencies via a universal
power law segment, including plateau-to-NCL, plateau-to-
plateau, NCL-to-NCL, or NCL-to-plateau, primarily con-
trolled by percolative conduction at both low and high
frequencies. According to percolation theory, the effec-
tive electrical conductivity of a material is essentially

determined by the percolation probability which represents
the likelihood that particles are clustered in ways that form
connected conduction pathways. For the calculation of the
percolation probability, P , of a sphere mixture ofM phases
including conductive phase m and other non-conductive
phases, an empirical formula has been put forward;�18�36�

P =
(
1−

(
3�764−Zm�m

2

)2�5)0�4

(1)

where Zm�m is the average number of contacting parti-
cles of species m has to particles of the same species.
The value of Zm�m is proportional to the surface-area frac-
tion, �m, which is of all m particles, and the overall mean
coordiantion number Z0 (Z0 ≈ 6�2 for mono-sised random
sphere pakcing). The coordination number Zm�m can be
derived by

Zm�m = Z0�m = Z0

Pm/rm∑M
i Pi/ri

(2)

where r is the radius of the spheres. The surface-area frac-
tion, �m, is defined in terms of the volume fractions Pm of
the m particles:

�m = Pm/rm∑M
i �i/ri

� �k =
nmr

3
m∑M

i nir
3
i

(3)

Noted that, at the contact level, a m-to-m contact may
exhbit various frequency-dependent electrical conduction,
depending on the interfacial conditions.

2.2. Electrical Contact
Each individual m-to-m contact can be considered as a
resistor (R), a capacitor (C), or a resistor and a capac-
itor in parallel (R//C), depending on the interparticle
force and interfacial properties, establishing a RC network
throughout the granular packing.�12�16�37�38� Specifically,
adjacent particles can be treated initially as a capaci-
tor, i.e., C. The interaction between two contacting par-
ticles under increasing compression will evolve from a
capacitor, C, (due to the existing oxide layer and sur-
face roughness) to an effective resistor in parallel with an
effective capacitor, i.e., R//C, and eventually to a resis-
tor, R, even a inductor.�12�16�37�38� The interface tends to
exhibit multiscale geometries governing interfacial electro-
mechanical phenomena, and more details can be found in
literature.�39–41� Different types of RC elements should be
meaningfully selected for conductive granular mixture for
various testing conditions. In this paper, Z∗

m�m_R = PRiZm�m

describes the number of resistive contacts for low fre-
quencies and Z∗

m�m_C = PCiZm�m indicates the number of
contacts demonstrating capacitive properties at high fre-
quencies. The probabilities of a contact being resistive and
capacitive are indicated by PRi and PCi, respectively.
We show, in Figure 1, the probability of conductive

granular mixture exhibiting the AC response with a transi-
tion from resistive plateau to NCL as frequency increases,
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typical in EIS for lithium-ion battery electrodes.�28�29� Here
we considered a mono-sized granular mixture containing
conductive grains (m� and non-conductive grains (n�. For
varying volume fraction of m, Pm, and varying resistor pro-
portion, PR (calculated based on PRi, PCi and RC network
type, as is detailed in Ref. [12]), three types of RC net-
works were considered: (a) networks containing R and C
elements (R−C), (b) networks built with C and R//C ele-
ments (C−R//C), and (c) networks with R and R//C ele-
ments (R−R//C). The probability of showing a transition
from resistive plateau to NCL in AC responses was cal-
culated by multiplying the resistive percolation probability
at low frequency and the capacitive percolation probability
at high frequency.

2.3. Resistive and Capacitive Percolation
The span of the observed emergent power-law segment is
essential in determining the whole AC response. The expo-
nent of the emergent power-law scaling is directly related
to capacitor proportion, PC in the established RC network,
according to the mixing rule.�13–15�22� For a given RC net-
work, the emergent power-law scaling of varying PC coin-
cide at a universal intersection centre�17� at the frequency,
fI , where resistors and capacitors contribute equally to the
overall conduction i.e., 1/R = 2�fIC. Further with con-
duction information at low and high frequencies, the whole
AC spectrum can be well described. Percolation theory
can be generally applied to calculate the effective con-
ductivity for a mixture of conductive components having
a certain conductivity of 	R and permittivity of 
R →�,
and dielectric components with a finite permittivity, 
C ,
and conductivity, 	C = 0, corresponding to the resis-
tive and capacitive sites/bonds, respectively. Scenarios at
low-frequency region (�→ 0� and high-frequency region
(� → �� can be represented by resistor-capacitor mix-
ture and resistor-superconductor (capacitor) mixture,�42�43�

respectively. For a given sites/bonds network structure
with varying resistor proportion PR the effective conduc-
tivity at low frequency, 	 eff

l , and the permittivity at high

Fig. 1. The probability map of an AC response showing a resistive plateau at low frequencies and NCL state at high frequencies for various RC

networks including (a) R−C network, (b) C−R//C network, (c) R−R//C . The map colour indicates the probability value.

frequencies, 
effh , can be respectively calculated by

	 eff
l = Kl	R�PR−PS�

t� 
effh = Kh
C�PS −PR�
−s (4)

where t = 1�9 and s = 0�73 are constants depending on
dimensionality of the network structure�42� and PS is the
percolation threshold, which can be computed using Monte
Carlo method for a given structure.�42� For a structure with
determined PS , the values of Kl and Kh can be calculated,
respectively, by assuming PR = 1 and PR = 0, with 	 eff

l and

effh being 	R and 
C , respectively.

�36�44� Particularly, for
a simple R-C network with all R and C elements having
identical resistance and capacitance, the effective 	R and

C can be calculated with 	R = RL/A and 
C = CA/L,
by considering network dimensions, i.e., cross-section, A,
and length, L. Meanwhile, impedance terms, Zeff

l and Zeff
h ,

describing the resistive plateau and NCL can be obtained,
respectively, from the reciprocals of 	 eff

l and �
effh , where
� is the frequency. For a given RC network with a certain
proportion of capacitor, the universal centre�17� together
with Zeff

l and Zeff
h can well shape the AC spectrum after

determining the power-law segment, resistive plateau and
NCL. Here, the span of two intersection points between
the three segments defines the length of the power-law
segment

3. NUMERICAL SIMULATION
To explore the origins of the frequency-dependent elec-
trical transport of conductive granular mixture, we incor-
porated the electrical interaction between spheres into
prescribed random packing structures using the discrete
element method.�45� The obtained packing is sandwiched
between two conductive rigid flats, one of which is
grounded and the other is raised to a potential V ���.
The impedance can be obtained by solving the com-
plex linear equations established by applying the Kirch-
hoff’s current law to each particle, denoting a node of the
network.�17� With this numerical strategy, we calculated
the AC responses of RC network with various geometries.
Figure 2 shows the dependence of normalised impedance
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Fig. 2. Normalised impedance module as a function of frequency for various RC networks: (a) 2D lattice square network with 40×40 spheres;
(b) 3D SC packing with 12×12×12 spheres; (c) 3D FCC packing with 1688 spheres; (d) random packing containing 1600 spheres with a packing
factor of 0.62± 0.006. The insert to the top-right shows the impedance phase versus frequency. The insert to the left-bottom shows the packing
structure, with the electrical contacts indicated by pillars (red for R and blue for C). Ten realizations have been shown in each individual scenario.
Realizations of various capacitor proportions, PC , are shown in lines of different colours. Percolation thresholds, PS , at low frequency are calculated
using Monte Carlo method and provided in the figure. The AC responses with PC being the calculated percolation threshold are shown in dark red
curves. The AC responses with PR being the percolation threshold are shown in yellow curves. The AC responses of networks with only R and C

elements are presented by solid and dashed black lines, respectively.

module, ˜�Z� on normalised frequency, �̃, based on 2D
square, SC (simple cubic), random and FCC (face-cantered
cubic) packing structures. Each contact is assigned to be
either R or C, which has the identical value throughout the
network. The normalisation of �Z� and � is calculated by

˜�Z� = �Z�/ZR� �̃= �CR (5)

where ZR is the resistance for a given network structure
with all components being resistors, e.g., PC = 0. Fea-
tures including the resistive plateau, NCL state, emergent
power-law segment and the intersection point can be found
in Figure 2, demonstrating the intrinsic electrical charac-
teristics of AC responses.
The onset and termination of the emergent power-law

segment were found to be corresponding to the peaks
of spectra of admittance, Z′′, and electrical module, M ′′,
respectively, as is typically shown in Figure 3. Here, Z′

and Z′′ are the real and imaginary part of Z, respectively,

and M ′′ is calculated by M ′′ = �Z′. Peaks observed in
Z′′ and M ′′ spectra indicate the occurrence of two relax-
ation processes that are associated with the path alternation
of current percolation as a result of competition between
resistive and capacitive paths. As frequency increases, the
transport of current is consequently accomplished by the
paths fabricated by capacitors due to the significantly
larger conductance then that of the resistors at the given
frequency. For frequencies between peaks of Z′′ and M ′′

spectra, the capacitors and resistors exhibiting comparative
conductance cooperatively regulate the current path, giv-
ing rise to emergent power-law scaling regions. Here the
range between peaks of Z′′ and M ′′ spectra is defined as
the length of power-law segment.

4. EXPERIMENTAL OBSERVATIONS
In order to examine the proposed analytical and numeri-
cal approaches, and also to reveal the origins of observed
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— |Z|, (R // C)

--- |Z''|, (R // C)

··· |M'|, (R // C)

— |Z|, Pc  = 75%

--- |Z''|, Pc = 75%

··· |M''|, Pc = 75%

— |Z|, Pc = 50%

--- |Z''| ,Pc = 50%

··· |M''|, Pc = 50%

— |Z|, Pc = 25%

--- |Z''|, Pc = 25%

··· |M''|, Pc = 25%

Fig. 3. Spans of power law scaling segment in �Z� spectra (solid
lines), between the peaks of �Z′′ � spectra (dashed lines) and �M ′′ � spectra
(dotted lines). Networks is realized based on random packings of 1000
spheres with a packing factor of 0.63 containing R and C components.
Five typical realizations are presented for each individual scenario for
Pc equalling 75%, 50%, and 25%, corresponding to curves in black, red
and blue, respectively. Electrical responses of the equivalent network
containing a resistor and capacitor in parallel are shown in green as
references.

emergent power-law scaling, we measured AC spectra of
conductive granular mixtures. Stainless steel (AISI 304,
with precision grade G200) spheres and glass beads of
2 mm were randomly packed in a nonconductive cylin-
der (Al2O3� with circular steel plates as top and bot-
tom electrodes. Impedance spectra were measured using
an impedance analyser (Agilent 4294A) from 40 Hz to
10 MHz, and plotted as a function of frequency � as
shown in Figure 4(a). We performed isobaric measure-
ments for packings containing only steel spheres under
various normal compression (from 2.16 to 3.40 kPa) and
mixtures under a load of 7.76 kPa. All mixtures have the
same number of steel grains (around 21,600) but varying
number of glass beads. Within the applied pressure range,
all obtained impedance values are considerably larger than
the total resistance (<10 m�� of the measurement sys-
tem excluding the packed bed under testing. In order to
minimize current-induced local welding, we applied an

AC signal with a peak-to-peak value of 200 mV, through
which linear ohmic behaviour can be observed in current–
voltage responses for the considered loading range.�3�46�47�

Controlled measurements were performed to exclude para-
sitic resonance signals from cabling and connections, using
measured Nyquist plots.�48� Similar to Eq. (5) the mea-
sured impedance module was normalised by �Rdc where
� indicates the ratio of steel number with respect to the
total grain number and Rdc is the measured resistance at
the frequency of 40 Hz. The frequency was normalised
by the recognised frequency, �∗

Z at the peak of �Z′′� spec-
trum. As is shown in Figure 4(b), the impedance spectra
measured for packings of only steel spheres under various
compression collapse onto a single master curve, while
AC responses for mixtures demonstrate different lengths
of power-law segments between resistive plateau and the
NCL segment. Noted that, for packings with only steel
spheres, peaks of �M ′′� spectra could not be extracted
within the considered frequency range as is shown in
the bottom subfigure of Figure 4(a). Therefore, the cor-
responding length of power-law segment can be not be
properly calculated.
The length of the power-law segment of experimen-

tally observed AC responses was extracted from simula-
tion results using numerical approach described previously.
Here steel spheres were considered to be randomly dis-
tributed in the packing, establishing a RC network from
the steel-to-steel contact fabric. A few necessary assump-
tions have been made for simplification as suggested in
Ref. [12]: (a) Either C or R//C components are ran-
domly assigned to each individual contact. This assump-
tion is further supported by results shown in Figure 1 as
we obtained both resistive plateau and NCL at 40 Hz for
cases of Pm = 0�3 in experiments; (b) All R and C element
have identical resistance and capacitance values, respec-
tively; (c) The overall capacitor proportion is assumed
to be 70% based on the power law slope observed in
experiments. With the same assumptions listed-above, the
length of the power-law segment was also calculated based
on percolation theory, as is presented in Section 2. For
each Pm, the value of percolation threshold is calculated
based on RC network established from the prescribed
packing structures realised by DEM. The percolation-
based analytical approach is able to efficiently compute
the AC response for various types of RC network, but
the detailed information near the intersections of segments
would be missed. As is shown in Figure 4(c), both analyti-
cal and numerical frameworks agree well with experimen-
tal results, demonstrating the role of percolation behaviour
in dominating central power law segments, thus the whole
AC response spectra. It is noticeable that all the three
assumptions are strongly associated with the inter-particle
properties, especially for Pc = 0�7 which is a pivotal
input parameter for both circuit simulation and theoretical
approaches.
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Fig. 4. (a) Typical spectra of �Z�, �Z′′ �, and �M ′′ � on frequency for packings with steel spheres under various loads and granular mixtures. The insert
shows the impedance phase versus frequency. Blue dashed line indicates AC responses of packings with only glass beads. The red arrow indicates
the increasing trend of Pm and the black arrow indicates the increasing trend of applied load. In the spectra of �Z′′ �, and �M ′′ �, peaks were marked by
green dots; (b) scaling of the normalised �Z� on normalised �. The top insert presents the dependence of the characteristic �∗

Z recognized at peaks
of �Z′′ � spectra on normalized normal compression, �N +G�/A0, where N is the applied normal compression, G is the half of the gravitational force
of the packing, A0 is the cross-section area of the granular packing. For mixtures with varying of steel sphere fraction, Pm, the characteristic �∗

Z

recognised at peaks of �Z′′ � spectra are shown in the bottom insert; (c) comparison of the length of power-law segment obtained from experiments,
percolation theory and DEM simulations. The error bars for experimental results are calculated based on four groups of tests. The results from
numerical simulations and percolation theory were averaged over ten realisations.

5. CONCLUSION
We investigated AC responses of conductive granular mix-
tures based on percolation theory and circuit simulation
focusing on the spans of emergent universal power-law
scaling. We further validated both analytical and numerical
results with experimental observations of AC responses of
conductive granular mixtures with various proportion of
conductive grains. The considered granular packings were
treated as RC networks based on contact fabrics, which
were reproduced by DEM to provide network configura-
tion for analytical and numerical approaches. The present
results demonstrate that by considering the topological
configurations of conductive granular systems along with
the physical characteristics of intergranular contacts, AC
responses in conductive granular materials can be mean-
ingfully captured. We have shown how the power law scal-
ing and transition from resistive plateau to NCL emerge as
a consequence of percolation, which in turn is governed
by network characteristics. The proposed analytical and
numerical frameworks are helpful for transport analyses of
conductive granular mixtures, connecting the microscopic

features to the effective properties, and, furthermore, pro-
vide guidelines in developing testing techniques for gran-
ular energy systems.
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