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Abstract
An analytical model including the Smoluchowski effect to estimate the effective thermal conductivity of a monosized granular 
assembly with interstitial stagnant gas from the microstructural parameters of the assembly, as well as the bulk properties 
of the granules and the gas is proposed in this paper. The discrete element method (DEM) is used for the generation and 
compaction of the granular assemblies. In the granular systems with interstitial gas, heat transfer occurs through the conduc-
tion between particles by solid overlap contacts and through the surrounding stagnant gas. Thermal radiation is included in 
the analytical model to study the influence of radiation on the thermal behavior of the assembly. The effective thermal con-
ductivity is strongly influenced by the pressure of the gas as the conductivity of the gas decreases with decreasing pressure 
when confined in small gaps. This influence of the gas pressure is implemented in the analytical model. The effect of cyclic 
loading on the microstructural parameters is investigated through DEM simulations. Parametric correlations are developed 
to predict the values of microstructural parameters from experimentally measurable parameters so as to bypass any simula-
tions for the estimation of effective thermal conductivity. A good agreement is observed between the analytical model and 
the experimental results for different assembly parameters and materials. The proposed analytical model can be used to get a 
first hand estimate of the effective thermal conductivity of a granular assembly to aid in the design process of such systems.
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List of symbols

Bulk material properties
p  Porosity of the particle
E  Young’s Modulus of solid material (GPa)
�  Viscosity of gas (Pa s)
�  Mean free path of gas (m)
ac  Accommodation coefficient
�  Represents amount of energy transfer between the 

gas molecule and solid material
Ki  Thermal conductivity ( Wm−1 K−1 ), i = s , f
�0  Bulk conductivity ratio = Ks∕Kf

mi  Molecular weight ( g mol−1 ), i = s , f
mr  Molecular weight ratio = ms∕mf

�r  Emissivity of particle surface

Bed parameters
A  Cross-sectional area of the assembly ( m2)
H  Height of the assembly (m)
V  Total volume of granules in the assembly ( m3)
�0  Initial packing fraction (packing fraction at the 

end of three loading/unloading cycles)
�RCP  Packing fraction of assembly as generated by RCP
�  Instantaneous packing fraction
�zz  Macroscopic stress along the Z-axis (MPa)
�zz  Macroscopic compressive strain along the Z-axis
R  Radius of the particles (m)
D  Diameter of the particles (m)
T  Temperature (K)
P  Gas pressure (Pa)
Nk  Coordination number, k = o , g
rc  Mean contact radius (m)
he  Effective gap (m)
Le
k
  Effective characteristic dimension (m), k = o , g

�  Mean dimensionless gap conductance
Cs  Particle conductance ( WK−1)
Cc
k
  Contact conductance ( WK−1 ), k = o , g

Ce
k
  Effective conductance ( WK−1 ), k = o , g

Fr  Radiation exchange factor
keff  Effective thermal conductivity ( Wm−1 K−1)
kr  Contribution of radiation to the effective conduc-

tivity ( Wm−1 K−1)
�T   Temperature difference applied between top and 

bottom layers (K)
Q̇  Total heat flow rate through the assembly (W)

Interparticle parameters between particles i, j
dij  Distance (m)
hij  Gap width (m)
rc,ij  Contact radius (m)
�ij  Depth of overlap (m)
�ij  Contact angle
Lk,ij  Characteristic dimension (m), k = o, g
Kn  Knudsen number

Kc
f
  Gas conductivity at contact ( Wm−1K−1)

�ij  Conductivity ratio = Ks∕K
c
f

�ij  Overlap threshold parameter
�ij  Gap threshold parameter
�ij  Dimensionless gap conductance
Cc
k,ij

  Contact conductance ( WK−1 ), k = o , g
Cs
k
  Conductance ( WK−1 ) of particle k

Cij  Thermal conductance ( WK−1)
Tk  Temperature (K) of particle k
Q̇ij  Heat flow rate (W)
Q̇i  Heat flow rate (W) between particle i and 

surroundings

Other symbols
�,�  Spherical coordinates
�  Fitting parameter
�  sin−1 �
Rg  Universal gas constant (8.314 Jmol−1 K−1)
S  Stefan Boltzmann constant ( 5.67 × 10−8 Wm−2K−4)

Subscripts
s  Solid phase
f  Fluid phase
o  Overlap type contact
g  Gap type contact

Abbreviations
RN  Resistor network
DEM  Discrete element method
RCP  Random close packing
OSi  Lithium orthosilicate
LMT  Lithium metatitanate
LZT  Lithium metazirconate

1 Introduction

The estimation of effective thermal conductivity of granu-
lar-fluid assemblies is of utmost importance for the design 
of various industrial thermal systems such as solid breeder 
units in fusion reactors [1, 2], catalytic reactors [3], granular 
thermal energy storage systems [4] and solid oxide fuel cells 
[5]. The granular assemblies are multiphase and discrete in 
nature leading to complex thermo-mechanical coupled sys-
tems. The microstructure i.e., the spatial configuration of 
the particles dictate the effective properties like effective 
thermal conductivity of the assembly [6]. Further, the effec-
tive thermal conductivity ( keff ) of the granular assemblies is 
influenced by various material properties such as thermal 
conductivities of constituent phases and the other macro 
properties such as temperature, gas pressure, packing frac-
tion, sizes of the particles etc [7–9].
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Extensive experimental investigations have been reported 
in the literature for estimating keff of granular beds [10–20]. 
Conducting such experiments for various materials at dif-
ferent environmental conditions is economically expensive 
and time consuming, not to mention the possible measure-
ment uncertainty in these experiments. Hence, there is a 
need for the development of models that can predict the 
effective conductivity with reasonable accuracy. Numer-
ous models exist in the literature for estimating the effective 
thermal conductivity of granular beds [6, 21–24]. A few 
numerical models in the literature include the influence of 
the spatial configuration of the particles through discrete 
element or finite element modeling [8, 20, 25, 26]. Discrete 
element method has also been implemented to model the 
coupled thermo-hydro-mechanical analysis of granular-fluid 
assemblies [27]. In some works, the particle-particle contact 
conditions are taken into consideration and the conductance 
at each contact is evaluated through contact conductance 
relations [28–31] in order to estimate the effective thermal 
conductivity. A few analytical models reported in the litera-
ture include the influence of spatial configuration through 
microstructural parameters (like coordination number, mean 
contact radius, effective gap etc.) [6, 32, 33]. Most of these 
analytical models neglect the effect of interstitial gas present 
in the granular assemblies [32, 33]. The analytical model 
presented in Peeketi et al. [6] included the effect of gas and 
the microstructural parameters however they disregarded the 
effect of the gas pressure. But, the influence of gas pressure 
on keff was found to be significant in experiments [13, 15, 
19, 34]. This influence of gas pressure on keff is explained by 
the dependence of thermal conductivity of gas on its pres-
sure, when the gas is confined in small spaces as in the case 
of granular beds, known as the Smoluchowski effect [35].

Several numerical models that include the influence of 
the gas pressure and the spatial configuration of the parti-
cles on the effective thermal conductivity are reported in 
the literature [8, 36–38]. But there are only a few analytical 
models that include the effect of gas pressure on the effective 
thermal conductivity of a granular assembly [39, 40]. How-
ever, these models do not include the effect of the spatial 
configuration of the granular assembly that influences the 
effective thermal conductivity [40]. The analytical models 
that include effect of microstructural parameters need simu-
lations for the generation of granular assemblies to estimate 
the microstructural parameters [6, 33]. The aim of this work 
is to develop an analytical model to predict the effective 
thermal conductivity of a granular assembly

• including the influence of the material properties of both 
solid and gas, as well as macro-properties such as pack-
ing fraction, temperature, gas pressure and the spatial 
configuration of the assembly characterized by micro-
structural parameters

• by estimating the microstructural parameters needed for 
the analytical model through parametric correlations 
instead of having to obtain the microstructure informa-
tion from additional simulations such as the discrete ele-
ment method (DEM).

In this paper, the numerical approach (based on the Resistor 
Network (RN) model) and the analytical model proposed in 
Peeketi et al. [6] for monosized spherical granular assem-
blies are further improved to include the Smoluchowski 
effect with inspiration from the numerical model proposed 
in Moscardini et al. [8]. Both the numerical and analytical 
models are presented in Sect. 2. The contact conductance 
relations used to evaluate the contact conductance between 
neighboring particles are thoroughly explained in Sect. 2.2. 
The formulation to include the Smoluchowski effect in esti-
mating the thermal conductivity of gas at the contacts is pre-
sented in Sect. 2.3. Since the interstitial gas is considered to 
be stagnant, the heat transfer due to convection is neglected 
in this work. The bed is assumed to be in steady state (i.e. 
particles neither generate any heat nor change temperature 
over time). At the end of Sect. 2, the proposed analytical 
model still depends on the DEM simulations to evaluate the 
required microstructural parameters. Therefore, in Sect. 3, a 
set of parametric correlations for the microstructural param-
eters are developed from the numerical characterization of 
assemblies (through DEM simulations) to propose a fully 
analytical approach. Finally, the proposed analytical model 
is compared with the experimental results for different mate-
rials and assembly parameters in Sect. 4.

2  Models for the estimation of effective 
conductivity

2.1  Numerical model

The steady state RN model (numerical approach) proposed 
in [6] is further developed to include the Smoluchowski 
effect. A pebble bed is a multiphase system with gas in 
the interstitial voids created by the spatial configuration of 
pebbles. The heat transfer between the pebbles takes place 
through two heat transfer paths, namely the pebble-pebble 
mechanical contact area and the gas surrounding the pebbles 
as shown in the Fig. 1a, b [6]. In our approach, two spherical 
particles are in mechanical contact if their centers are closer 
than the sum of their radii. In this case, their ideal spherical 
shapes would be overlapping for which reason we denote in 
the following a mechanical contact as overlap contact. The 
heat flow rate Q̇ij between the two particles i and j is

(2.1)Q̇ij = Cij(Ti − Tj).
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where Cij is the thermal conductance between the particles 
i and j, Ti and Tj are the temperatures of particles i and j, 
respectively. The thermal conductance Cij is dependent on 
the type of contact, the details of which are discussed in 
Sect. 2.2. The thermal conductivity of the gas at each contact 
is estimated considering the influence of the gas pressure 
(see Sect. 2.3). The sum of the heat flows entering and leav-
ing the particle i must be zero as it is neither generating nor 
accumulating any heat. Hence,

where Q̇i is the heat flow rate between the particle i and the 
surroundings of the assembly. In this work, a representa-
tive volume element (RVE) from a large granular assembly 
is considered for the analysis. The RVE thus has mechani-
cal periodic boundary conditions in all the three directions 
and thermal periodic conditions on the lateral sides with 
a temperature gradient in the z direction representing one-
dimensional heat flow. The periodic thermal conditions on 
the lateral sides implies net heat transfer in lateral sides is 
zero. Hence, Q̇i will be zero for every particle i other than 
the top and bottom layers. The temperature of the top and 
bottom layers of granules are prescribed depicting the axial 
heat flow direction as shown in Fig. 1c.

Equations 2.1 and 2.2 result in a system of linear equations 
that is solved to obtain the unknown temperatures and heat 
flows entering/leaving the particles to the surroundings. The 
total heat flow through the granular assembly is estimated as 

(2.2)
∑

j

Q̇ij + Q̇i = 0,

the sum of all the heat flows entering/leaving the assembly. If 
Q̇ is the total heat entering/leaving the assembly, A is the cross-
sectional area of the granular assembly, �T is the temperature 
difference applied between the top and bottom layers and H is 
the distance between the top and bottom layers, then the effec-
tive conductivity keff is given by

The formulation used for estimating the contact conductance 
( Cij ) is presented in the following.

2.2  Conductance relations

Adjacent particles in the granular assembly are considered to 
possess two types of contacts—overlap and gap. The over-
lap and gap type contacts between the particles i and j are 
characterized by the contact radius rc,ij and the gap width hij , 
respectively. If R is the radius of granules and dij is the distance 
between centers of particles i and j, then

The neighboring particles are considered to be in gap type 
contact when the gap width hij between them is in the range 
(0 to �R ). If gap width hij is less than 0, then they are con-
sidered as overlap type contact particles. Figure 1a, b illus-
trates the particle contact condition. The cutoff factor ( � ) is 

(2.3)keff =
Q̇

A

H

(𝛥T)
.

(2.4)hij = dij − 2R and rc,ij =

√
|hij|R
2

.

(a) (b)

bottom layer

top layer

Q̇

Q̇

(c)

Fig. 1  a, b Schematic showing the equivalent model for the inter-par-
ticle conductance for (a) an overlap type contact between neighboring 
particles i and j along with the corresponding heat flow path and (b) 
a gap type contact between neighboring particles i and j along with 

the corresponding heat flow path. c Schematic showing the axial heat 
flow direction for a sample assembly. The top and bottom layers are 
colored red for reference (color figure online)
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chosen as 0.5 as it was observed to agree with the experi-
mental results [6, 8, 25, 41]. As the particle conductance ( Cs

i
 , 

Cs
j
 ) and the contact conductance Cc

ij
 are in series, the thermal 

conductance ( Cij ) between the particles i and j is given by

In this work, we use the modified contact conductance rela-
tions [6, 8] obtained from the original relations proposed by 
Batchelor and O’Brien [28]. If Ks and Kc

f
 are the bulk con-

ductivities of solid and fluid, respectively at the contact, then 
the conductance of each type of contact can be formulated 
as below,

• Conductance between the overlapped particles i and j 
with contact radius ( rc,ij ) 

where Hc = 0.22�2
ij
 and �Hg = −0.05�2

ij
 for 𝛽ij < 1 ; 

Hc = 2�ij∕� and �Hg = −2 ln(�ij) for 𝛽ij > 100 and a lin-
ear interpolation is used for 1 < 𝛽ij < 100 . Note that, 
�ij = (�ijrc,ij)∕R and �ij = Ks∕K

c
f
.

• Conductance between the neighboring particles i and j 
with gap width ( hij ) 

where �ij = ln(1 + �2R∕hij) , �ij = (�2
ij
hij)∕R , �ij = Ks∕K

c
f
 

and � is the fraction of the mean radius R [41] considered 
for the gaseous heat transfer.

The particle conductance ( Cs ) i.e., the conductance due to 
the half sphere is given by [41]

The value of � varies between 0 and 1 and can be picked to 
match the model with the experimental measurements [8, 
25, 41]. An educated guess can be made for the value of 
� based on the solid to gas conductivity ratios. The exact 
value of � for different solid to gas conductivity ratios is 
determined through trial and error which will be discussed 
in Sect. 4.

2.3  Implementation of the Smoluchowski effect

The analytical model developed in [6] includes the effect 
of microstructural parameters such as overlap coordination 

(2.5)
1

Cij

=
1

Cs
i

+
1

Cc
ij

+
1

Cs
j

.

(2.6)Cc
o,ij

= �Kc
f
R[Hc + �Hg + ln(�2)],

(2.7a)
Cc
g,ij

= 𝜋Kc
f
R[ (1 − 𝜆ij) ln(𝛼

2)

+ 𝜆ij ln(1 + 𝛼2𝜁2) ], for 𝜆ij < 1,

(2.7b)Cc
g,ij

= �Kc
f
R�ij otherwise,

(2.8)Cs
i
= Cs

j
= Cs =

�Ks(�R)
2

R
.

number ( No ), gap coordination number ( Ng ), mean contact 
radius ( rc ), effective gap ( he ) and packing fraction ( � ) in 
addition to the particle diameter (D) and the bed tempera-
ture (T). But their model doesn’t include the effect of the 
surrounding gas pressure on the effective conductivity. The 
conductivity of the gas decreases with decreasing pressure 
in small confined spaces where the mean free path of the 
gas is of the order of the characteristic dimension of the 
gap. This phenomena is termed as Smoluchowski effect 
[35]. The mean free path of the interstitial gas molecules 
increases with the decrease in pressure at a given tempera-
ture. As a result, when the mean free path of the gas mol-
ecules reaches the order of magnitude of the geometrical 
dimension of the gas confinement, the thermal conductivity 
of the gas becomes dependent on its pressure. The thermal 
conductivity of the gas is independent of the pressure as long 
as the mean free path is much smaller than the dimensions 
of confinement. In order to include the influence of pressure 
on the effective conductivity, the value of the conductivity of 
the gas to be used in the contact conductance relations needs 
to be modified to account for Smoluchowski effect.

The significance of the effect of the gas pressure on the 
thermal conductivity of the gas is decided by the Knudsen 
number ( Kn = �∕L ) defined as the ratio of mean free path 
of the gas ( � ) and the characteristic dimension of the con-
finement (L) estimated using the gap between two neigh-
bouring particles (see the last part of Sect. 2.3 for details). 
For very low Knudsen number ( Kn < 0.001 ), the gas ther-
mal conductivity is independent of the pressure and equal 
to the unconfined value. For 0.001 < Kn < 10 , the thermal 
conductivity of the gas decreases with decrease in pressure 
as the mean free path approaches the order of magnitude 
of the characteristic dimension of the confinement and the 
heat transfer becomes less effective. For Kn > 10 , the col-
lision between molecules can be neglected and the thermal 
energy is transfered by direct collision of gas molecules with 
the solid phase. The thermal conductivity of the gas phase 
is very low and is independent of the gas pressure in this 
regime.

The accounting for the Smoluchowski effect in the esti-
mation of keff using the DEM code was first presented by 
Moscardini et al [8]. In this work, we use a similar frame-
work for the estimation of the gas conductivity at each con-
tact. The thermal conductivity of the gas ( Kc

f
 ) at a contact 

can be estimated using the relation given by Kaganer [42] 
as,

where Kf  is the bulk gas conductivity, Kn is the Knudsen 
number and � represents the amount of energy transfer 
between the gas molecule and solid material. In this work, 

(2.9)Kc
f
=

Kf

1 + 2�Kn

,
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the mean free path of the gas is estimated in terms of viscos-
ity rather than the kinetic molecular diameter, as in [8], since 
the viscosity provides a better estimate of mean free path 
for the real gases. In general, the kinetic molecular diameter 
and mean free path of a gas are actually estimated from their 
relationship with the viscosity of a gas, an experimentally 
measurable quantity [43, 44]. The effect of temperature on 
the mean free path of a gas is not included in Moscardini 
et al. [8] and they use a constant value of kinetic molecular 
diameter for different gas temperatures. In this work, the 
effect of temperature on the mean free path of the gas is 
included by considering the relationship between mean free 
path and gas viscosity resulting in a better accuracy of the 
model. The mean free path of the gas can be estimated in 
terms of viscosity as

where � is the viscosity of the gas, P is the gas pressure, mf  is 
the molecular weight of gas, T is the temperature of gas and 
Rg is the universal gas constant. The correlation proposed 
by Wawryk and Rafalowicz [45] is used for the estimation 
of � as [46]

where ac is the thermal accommodation coefficient repre-
senting the effectiveness of the energy transfer between the 
solid and the gas given by

here mr is the ratio of molecular weights of solid and gas 
phase ( mr = ms∕mf  ). In general, the accommodation coef-
ficient is a function of temperature and needs to be meas-
ured experimentally for each gas type and solid material 
[46] as a function of temperature. In this work, we neglect 
the dependency of ac on temperature and use Eq. 2.12 as it 
best matches with the experimental observations reported 
by Goodman [46].

2.3.1  Estimation of characteristic dimension (L)

The characteristic dimension is estimated by taking the mean 
of the gap between two contacting particles over the azi-
muthal angle ( � ) range of 0–2� and polar angle ( � ) range 
depending on the type of contact. For an overlap type con-
tact, the range for the polar angle is �c,ij to � whereas for a 
gap type contact, it is 0 to � as shown in Fig. 2. Here, �c,ij is 
the overlap contact angle defined as �c,ij = sin−1(rc,ij∕R) and 
� is defined as � = sin−1 �.

(2.10)� =
�

P

√
�RgT

2mf

,

(2.11)2� =

(
19

6

)
2 − ac

ac

(2.12)ac =
2.4mr

(1 + mr)
2
.

The characteristic gap dimension Lg,ij can be formulated 
as the sum of the gap width ( hij ) and the average of the 
segment R(1-cos � ) for a given ( � , � ) as shown in Fig. 3. 
Therefore, Lg,ij can be written as,

(2.13)
Lg,ij = 2

∫ 2�

0
∫ �

0
R(1 − cos �)R2 sin � d�d�

∫ 2�

0
∫ �

0
R2 sin � d�d�

+ hij

= R(1 − cos�) + hij.

Fig. 2  Schematic showing the range of polar angle for a a gap type 
contact and b an overlap type contact

Fig. 3  Schematic showing the segment R(1-cos � ) for a given ( �,�)
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For the case of an overlap type contact between particles i 
and j, the segment would be R(1-cos �) − �ij∕2 with �ij as the 
depth of contact given as �ij = 2R − dij = r2

c,ij
∕R as shown in 

the Fig. 4. Therefore, the characteristic overlap dimension Lo,ij 
can be written as

The values of Lg,ij and Lo,ij are used to calculate the respec-
tive Knudsen numbers ( Kn ) for each contact. Then, the ther-
mal conductivity of the gas at each contact, Kc

f
 , estimated 

using Eq. 2.9 is substituted into the contact conductance 
relations given by Eqs. 2.6 and 2.7. Finally, the conductance 
between the neighboring particles ( Cij ) is calculated using 
Eq. 2.5 which will be used to estimate keff numerically as 
described in Sect. 2.1. The estimation of keff by the RN 
model presented in Sect. 2.1 using the conductance formula-
tions described in Sects. 2.2, 2.3 and introduced in [6, 8] is 
referred to as the numerical model in the following.

2.4  Analytical model

In this section, the analytical model proposed in [6] for the 
estimation of keff for granular assemblies is briefly discussed. 
The effective thermal conductivity of a monosized isotropic 
granular assembly in a gaseous environment is given by [6]

(2.14)
Lo,ij = 2

∫ 2�

0
∫ �

�c,ij
(R(1 − cos �) − �ij∕2)R

2 sin � d�d�

∫ 2�

0
∫ �

�c,ij
R2 sin � d�d�

= R(2 − cos �c,ij − cos�) − �ij.

here � is the packing fraction of the assembly, D is the mean 
diameter of the particles, No, Ng are the mean overlap and 
gap coordination numbers. Ce

o
, Ce

g
 are the effective overlap 

and gap contact conductances given by,

where Cc
o
, Cc

g
 are contact conductances of overlap and gap 

type contacts respectively. Cc
o
 and Cc

g
 are estimated using the 

contact conductance relations described in Sect. 2.2. Cc
o
 is 

estimated using the mean contact radius ( rc ) whereas the 
effective gap ( he ) is used for estimating the Cc

g
 which can be 

estimated by [6]

where � = ⟨ ln(1 + �2R∕hij) ⟩ , where ⟨⋅⟩ indicates the mean 
of the enclosed ( ⋅ ) quantity. Since, the gap threshold param-
eter �ij = (�2

ij
hij)∕R depends on the solid to gas conductivity 

ratio ( �ij ), the value of � also depends on the solid to gas 
conductivity ratio. To eliminate this dependency, only the 
gap contacts with normalized gap width ( hij∕R ) greater than 
10−4 are considered for the estimation of � , which is needed 
to calculate the effective gap ( he ) of the assembly. The num-
ber of gap type contacts with normalized gap width ( hij∕R ) 
less than 10−4 are almost negligible, but even such low num-
ber of contacts affect the estimation of he due to the logarith-
mic nature of � . Also, the contacts with normalized gap 
width ( hij∕R ) less than 10−4 usually fall into the category of 
touch type contact [6, 28] and their contribution to the effec-
tive conductivity is negligible [6]. The step by step proce-
dure for estimating keff using the analytical formulations 
discussed in Sects. 2.2–2.4 is presented in the following.

2.5  Calculation of the effective conductivity using 
the analytical model

The steps involved in calculating the effective thermal con-
ductivity ( keff ) through the analytical model from the bulk 
material properties as well as microstructural parameters are 
presented in the form of flow chart in Fig. 5. The analytical 
estimation of keff using Eq. 2.15 requires the specification of 
values of the instantaneous packing fraction ( � ), particle 
radius (R), overlap and gap coordination numbers ( No , Ng ), 
effective overlap and gap conductances ( Ce

o
 , Ce

g
 ). The values 

of � , No and Ng can be obtained directly from the DEM simu-
lations. The values of Ce

o
 and Ce

g
 are calculated using Eq. 2.16 

from the corresponding contact conductance ( Cc
o
 , Cc

g
 ) and 

(2.15)keff =
�(NoC

e
o
+ NgC

e
g
)

�D
.

(2.16)
1

Ce
i

=
1

Cs
+

1

Cc
i

+
1

Cs
, for i = o, g,

(2.17)he =
�2R

exp(�) − 1
,

Fig. 4  Schematic showing the estimation of characteristic dimension 
for overlap type contact
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the particle conductance ( Cs ) values. The value of Cs is esti-
mated using Eq. 2.8 as a function of the particle radius (R) 
and the solid conductivity ( Ks ). The value of Cc

o
 is calculated 

using Eq. 2.6 by substituting the value of the mean contact 
radius ( rc ) in the place of rc,ij , whereas, the value of Cc

g
 is 

calculated using Eq. 2.7b by substituting the value of the 
effective gap ( he ) in the place of hij . The values of rc and he 
are obtained from the DEM simulations. Furthermore, the 
Eqs. 2.6 and 2.7b also require the specification of values of 
the solid conductivity ( Ks ) and the gas conductivity at con-
tact ( Kc

f
 ). The value of Kc

f
 is calculated for overlap and gap 

type contacts from their corresponding Knudsen numbers 
( Kn ) and the bulk gas conductivity ( Kf  ) values using Eq. 2.9. 
The Knudsen number corresponding to overlap contact 
depends on the effective characteristic overlap dimension 
( Le

o
 ) as Kn = �∕Le

o
 , whereas the Knudsen number corre-

sponding to gap contact depends on the effective character-
istic gap dimension ( Le

g
 ) as Kn = �∕Le

g
 . Note that the estima-

tion of Kn requires the specification of mean free path of the 
gas � . The value of Le

o
 is estimated from rc as

(2.18)Le
o
= R(2 − cos �c − cos�) − r

2

c
∕R,

where �c is the mean overlap contact angle defined as 
�c = sin−1(rc∕R) and � = sin−1 � . The value of Le

g
 is esti-

mated from he as

The values of bulk solid and gas conductivities ( Ks , Kf  ) are 
evaluated as a function of bed temperature (T). The value of 
the mean free path of the gas is calculated as a function of 
viscosity of gas ( � ), temperature (T), gas pressure (P) and 
molecular weight of gas ( mf  ) using Eq. 2.10. The viscosity 
of gas � is evaluated as a function of temperature (T). The 
value of � used in estimating Kc

f
 (Eq. 2.9) is calculated using 

Eq. 2.11 from the accommodation coefficient ( ac ) which is 
evaluated in terms of the solid to gas molecular weight ratio 
(Eq. 2.12). To provide values of the microstrcutural param-
eters, the DEM simulations require the specification of input 
parameters such as the initial packing fraction ( �0 ), normal-
ized macroscopic stress ( �zz∕E ) and the particle radius (R) 
(discussed in Sect. 3).

The analytical model is compared with the numeri-
cal results for different cases and shown in Fig. 6. The 

(2.19)Le
g
= R(1 − cos�) − he.

R DEM simulations (η0, R, σzz/E)P T ms mf

For the Eqs.
2.6, 2.7b, 2.8
2.18 and 2.19

Microstructural Parameters
rc, he N, No, Ng η

Le
o and Le

g

Eq. 2.18

Eq. 2.19

Ks Kf γ Λ ν

Kc
f

Kn

Eq. 2.9

Cs Cc
o and Cc

g

Eq. 2.8 Eqs. 2.6, 2.7b

Ce
o and Ce

gEq. 2.16 keff
Eq. 2.15

Analytical Model

Input parameters

Fig. 5  Flow chart for the calculation of keff through the analytical model
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numerical results have been obtained by considering the 
contact conductance for each individual contact as described 
in Sects. 2.1–2.3. The material properties are presented in 
Table 1. The numerical and the analytical models show a 
good agreement as seen in Fig. 6. The analytical model pre-
sented so far is still dependent on the DEM simulations to 
obtain the microstructural parameters ( � , No , Ng , rc , he ). In 
Sect. 3.2, we attempt to develop parametric correlations for 
the microstructural parameters to completely eliminate the 
dependence on DEM simulations for the analytical model.

2.6  Contribution of radiation to the effective 
conductivity

The contribution of radiation to the effective thermal con-
ductivity of the bed can be approximated as heat transfer 
parallel to conduction. So, the conductivity due to radiation 
( kr ) can be directly added to the estimated keff . The conduc-
tivity due to radiation can be taken as [38]

where S is the Stefan-Boltzmann constant and T is the tem-
perature [K] of assembly and Fr is the radiation exchange 
factor. The radiation exchange factor Fr cannot be calcu-
lated easily and depends on different bed properties such as 
emissivity of the particle surface ( �r ), packing fraction ( � ), 
dimensionless solid conductivity etc [22]. Different corre-
lations were proposed in the literature for the estimation of 
Fr [22]. In this work, correlation given by Wakao and Kato 
[47] for Fr as

(2.20)kr = 4FrDST
3,

(2.21)Fr =
2

2∕�r − 0.264
,

is used. A value of 0.5 is used for �r in this work for all the 
solid materials as suggested by Asakuma et al. [48]. This 
approach is a very simple approximation to account for the 
contribution of radiation to the effective thermal conductiv-
ity of a granular assembly [22].

3  Development of parametric correlations 
for microstructural parameters 
through DEM simulations

The discrete element method (DEM) is a numerical method 
to simulate the physical response of a system consisting of 
discrete particles as in the case of granular beds [49]. In 
this work, we assume all the particles to be spherical and 
elastic. Every single particle is considered to be independent 
of any other particle in the system unless it is in mechanical 
contact with any of them. Hertzian contact mechanics [50] 
is implemented for simulating the normal contact forces on 
the contacting particles depending on the elastic properties 
of each contacting particle.

The Random Close Packing (RCP) algorithm [51] has 
been used to generate initial granular assemblies with 5000 
monosized particles in each assembly. Such a random close 
packing assembly is then subjected to compression along 
the axial direction using DEM (as developed in [52, 53]) 
where we obtain the new configurations of the assembly 
with respect to the strain applied. The DEM simulations 
are performed with periodic boundary conditions on all 
sides to ensure a bulk response of a random packing in 
the total volume. The experimental studies on the packing 
fraction of granular assemblies showed that the packing 
fraction obtained through pouring and tapping falls in the 
range of 0.60–65 [54, 55]. Hence, in this work, the granu-
lar assemblies are generated with different initial packing 
fractions in the range of 0.61–0.65. The RCP algorithm is 
used to generate assemblies with desired packing fractions 
( �RCP ≈ 0.61, 0.62, 0.63 and 0.64). The granular assemblies 
as obtained from the RCP are compressed up to ≈ 6 MPa 
macroscopic stress ( �zz ) along the Z-axis (see Fig. 7) for 
ten loading/unloading cycles. The stress-strain response for 
the cyclic loading is shown in Fig. 8a. The effect of com-
pression on the microstructural parameters is studied in [6] 
for a single loading. The influence of cyclic loading on the 
microstructural parameters ( � , No , Ng , rc , he ) for ten loading/
unloading cycles is presented in the following.

3.1  Effect of cyclic loading on the microstructural 
parameters

Figures  8 and 9 show the effect of cyclic compressive 
loading on different parameters of a granular assembly. 
The instantaneous packing fraction ( � ) of an assembly is 
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LMT_He

LMT_Air
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T : 25-725 °C
P : 10-107 Pa

Fig. 6  Comparison of keff evaluated from the numerical model with 
that of keff calculated from the analytical model with microstructural 
parameters estimated from DEM simulations for different granular 
assembly parameters
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estimated as � = V∕(AH) , where V is the total volume of the 
granules, A is the cross-sectional area and H is the height of 
the assembly. For the present system, it can be stated that

as V and A are constant with compression for the given 
assembly. Here, �zz is the macroscopic compressive strain 
of the assembly. Hence, both stress-strain and stress-� show 
equivalent relationship as seen in Fig. 8a, b for loading/
unloading cycles. Figure 9a shows the variation of coordina-
tion numbers with �zz for 1, 2, 4, 7 and 10 loading/unloading 
cycles. It can be observed from Fig. 9a that the total coordi-
nation number (N) is constant with cyclic loading insinuat-
ing that the particle rearrangements are local in nature. As 
the assembly is compressed, gap type contacts transform to 
overlap type contacts. So, the overlap coordination num-
ber ( No ) increases with increasing macroscopic stress and 
the gap coordination number ( Ng ) decreases with increas-
ing macroscopic stress. Also, some of the gap contacts that 

(3.1)��∕� = −�H∕H = �zz,

direction of
compression

Fig. 7  Schematic showing a sample 3D granular assembly and the 
direction of the applied compressive force in DEM simulations

Fig. 8  a The stress-strain 
response of a sample assembly 
for 10 loading/unloading cycles, 
b Effect of cyclic loading on 
instantaneous packing fraction 
( � ) as a function of macroscopic 
stress �zz . (The plots in the fig-
ures correspond to an assembly 
with �RCP = 0.63 , R = 250 μm 
and E = 90GPa for the first, 
second, fourth, seventh and 
tenth loading/unloading cycles. 
Arrows in the figures indicate 
the loading/unloading cycle 
numbers in the increasing order)
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Fig. 9  Effect of cyclic loading 
on a coordination numbers 
N,No,Ng b normalized mean 
contact radius rc∕R as a func-
tion of macroscopic stress 
�zz . (The plots in the figures 
correspond to an assembly with 
�RCP = 0.63 , R = 250 μm and 
E = 90GPa for the first, second, 
fourth, seventh and tenth load-
ing/unloading cycles. Arrows in 
the figures indicate the loading/
unloading cycle numbers in the 
increasing order)
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transformed to overlap contacts during the loading don’t 
transform back to gap contacts during unloading. This 
results in slightly higher No in unloading than loading as 
can be observed in Fig. 9a. Hence, each loading/unload-
ing cycle generates residual overlap contacts resulting in 
an overall increase in No and an overall decrease in Ng with 
more cycles. However, the increase in overlap coordination 
numbers and the decrease in gap coordination numbers seem 
to reduce with the increasing number of cycles as shown 
in Fig. 9a indicating that the major particle rearrangements 
are limited to first few cycles. The normalized mean contact 
radius ( rc∕R ) almost retraces the same path for every cycle 
as seen in Fig. 9b. This may be due to the compact nature 
of assemblies ( 𝜂 > 0.61 ) prohibiting the large rearrange-
ments and the elastic nature of the spheres as assumed in 
the DEM simulations. Also, higher rc∕R for unloading than 
loading might be the result of residual strain of the assem-
bly. During loading, gap contact pairs having the least gap 
width transform to overlap contacts leaving out the num-
ber of gap contacts with higher gap width in the assembly 
almost unchanged. In addition, the gap width of the existing 
gap type contacts decreases with increase in compression, 
but not enough to compensate the loss of lower gap width 
contacts to overlap contacts. The above two contrasting phe-
nomena result in a slight increase in the effective gap of the 
assembly with the increase in compressive stress as shown 
in Fig. 10a. A similar observation on the transformation of 
gap to overlap type contacts has been reported by Peeketi 
et al. [6]. The RCP algorithm generates assemblies with least 
possible mechanical contacts. However, the particles of RCP 
assembly will be closer to each other resulting in low effec-
tive gap at the start of first loading as seen in Fig. 10a. All 
the particles which came closer during loading do not neces-
sarily revert back to their original gap width during unload-
ing stage resulting in a lower effective gap during unloading 
than loading as shown in Fig. 10a. However, the variations 
in effective gap ( he ) with increasing number of cycles seem 

to be low as can also be seen in Fig. 10a. Figure 10b shows 
an increase in the effective thermal conductivity ( keff ) with 
increase in compressive stress. As major variations in micro-
structural properties that define keff occur during the first 
few cycles, the variations in keff are also limited to first few 
cycles. The variations in keff almost saturate with the fourth 
loading/unloading cycle as seen in Fig. 10b indicating the 
saturation in major local rearrangements of particles. This 
insight supports the “mechanical conditioning” of granu-
lar assemblies for 3 loading/unloading cycles performed in 
[19] for experimental measurement of keff . Hence, the fourth 
loading cycle is considered for the effective thermal conduc-
tivity calculations in later sections of this paper.  

The effective thermal conductivity of a granular assem-
bly depends on the microstructural parameters as mentioned 
before. Typically, the microstructural parameters are obtained 
from the DEM simulations discussed in this section. Hence, 
the calculation of keff through the analytical model presented 
in this paper still requires computationally intensive DEM 
simulations for the estimation of the microstructural param-
eters. In order to eliminate the time consuming DEM simula-
tions to predict the microstructural parameters, a set of para-
metric correlations are presented in the following.

3.2  Parametric correlations for the microstructural 
parameters

The initial packing fraction ( �0 : packing fraction of the 
assembly at the end of the third cycle) can be controlled 
through the DEM simulations. The RCP algorithm can 
generate assemblies with required packing fractions ( �RCP ) 
which are then compressed for three loading/unloading 
cycles to get the desired initial packing fraction ( �0 ). Thus, 
the initial packing fraction ( �0 ) and the compression state 
(macroscopic strain along the axial direction) can be con-
trolled in the DEM simulations for obtaining the required 
configuration of the assembly. This results in a unique 

Fig. 10  Effect of cyclic loading 
on a normalized effective gap 
he , b effective conductivity keff 
as a function of macroscopic 
stress �zz . (The plots in the fig-
ures correspond to an assembly 
with �RCP = 0.63, R = 250 μm 
and E = 90GPa for the first, 
second, fourth, seventh and 
tenth loading/unloading cycles. 
Arrows in the figures indicate 
the loading/unloading cycle 
numbers in the increasing order)
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assembly for every �0 and compression state. For exam-
ple, consider an instantaneous packing fraction � = 0.637 
(dashed vertical line in Fig. 11a) which can be achieved by

1. Compressing an assembly with �0 = 0.636 to a certain 
compression state or

2. Compressing an assembly with �0 = 0.632 to a higher 
compression state than the above.

The above two methods results in different configurations 
even though the final packing fraction of the assemblies is 
the same. Since, the assembly with �0 = 0.636 undergoes 
less strain than the assembly with �0 = 0.632 to reach equal 
final packing fraction � , the assembly with �0 = 0.636 will 
have less contacts than the one with �0 = 0.632 . Hence, the 
resulting effective thermal conductivity for the assembly with 
�0 = 0.636 will be less than the assembly with �0 = 0.632 , 
even with the equal values of � as shown in Fig. 11a. Further, 
for the beds with high solid to gas conductivity ratio ( Ks∕Kf  ), 
the difference in keff is higher than that for the bed with lower 
solid to gas conductivity ratio. Also, it can be noticed that the 
increase in keff with increase in compression is higher for the 
beds with high solid to gas conductivity ratio. Also, the nature 
of increase of keff with � indicates that the keff might reach 
saturation as the � increases with increasing loading as the 
assembly gets jammed. A similar effect of the state of com-
pression on keff for different solid to gas conductivity ratios 
was also observed experimentally [12, 17, 19]. Thus, it can 
be concluded that the effective conductivity of a granular bed 
is not just a function of the packing fraction, but also depends 
on the state of compression. The analytical estimation of keff 
requires the specification of microstructural parameters. These 
microstructural parameters in turn depend on the compression 
history of the assembly. In this work, we use macroscopic 
stress along the axial direction ( �zz ) for quantifying the com-
pression state (history of bed). In the following, correlations 

are developed for microstructural parameters as a function of 
the initial packing fraction ( �0 ) and the macroscopic stress 
( �zz ) normalized with Young’s modulus of the pebble material 
(E). The values of 90–200 GPa, 0.25 and 0.1 are taken for the 
Young’s modulus, Poisson’s ratio and the friction coefficient 
for the DEM simulations. Since, the effective conductivity 
almost saturates after fourth cycle, the fourth loading cycle is 
used for the estimation of microstructural parameters.

The values of microstructural parameters correspond-
ing to the fourth loading cycle of all four RCP packing 
fractions ( �RCP ≈ 0.61, 0.62, 0.63 and 0.64) are plotted for 
each Young’s modulus ( E = 90, 150 and 200 GPa) in the 
Figs. 11b, 12a and 13. Figure 11b shows the increase in 
packing fraction with normalized macroscopic stress ( �zz∕E ) 
as the assembly is compressed. Figure 12a shows the vari-
ation of total coordination number (N) with initial packing 
fraction ( �0 ). The total coordination number N is the sum of 
the coordination numbers No and Ng . The total coordination 
number (N) in Fig. 12a corresponds to the uncompressed 
assembly after 3 full cycles. It was observed in the current 
work and also in literature [6] that the total coordination 
number N is almost constant with compression and also 
cyclic loading (see Sect. 3.1). Hence, the total coordina-
tion number (N) is taken to be constant with stress ( �zz ) for 
a given �0 . Figure 12b shows the variation of the overlap 
coordination number ( No ) with the normalized macroscopic 
stress ( �zz∕E ). Different correlations are reported in the lit-
erature [22, 32] for the overlap coordination number in terms 
of instantaneous packing fraction ( � ) without the considera-
tion of history of the bed. Now, the gap coordination number 
( Ng ) can be obtained by subtracting No from the total coor-
dination number (N). Figure 13a shows the variation of nor-
malized mean contact radius ( rc∕R ) with normalized stress 
( �zz∕E ). It was observed that the normalized mean contact 
radius ( rc∕R ) varies linearly with (�zz∕E)1∕3 . A similar result 
was also observed in [53] in terms of normalized average 

Fig. 11  a Effective thermal 
conductivity as a function of 
instantaneous packing fraction 
( � ) for different initial packing 
fractions ( �0 ), b Correlation for 
instantaneous packing fraction 
� with the normalized macro-
scopic stress �zz∕E for different 
initial packing fractions �0
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normal contact force as a function of hydrostatic stress inde-
pendent of �0 . Figure 13b shows the variation of normal-
ized effective gap ( he∕R ) with the increasing normalized 
stress ( �zz∕E ). The MATLAB Curve Fitting Toolbox™is 
used in estimating the best linear fits of the microstructural 
parameters. The parametric correlations attained in this sec-
tion for estimating the microstructural information from the 
experimentally available parameters ( �0 , R, �zz and E) are 
as follows.

(3.2)

� = 1.16 × (�zz∕E)
0.6∕�0 + �0

N = 25.16 × �0 − 5.28

No = �1.2
0

× (13.39 × (�zz∕E)
0.03 − 0.1093)

Ng = N − No

rc = R × (1.18 × (�zz∕E)
1∕3)

he = R × (0.0615 × (�zz∕E)
1∕3 + 0.0036)∕�6

0

The RCP algorithm generates granular assemblies with least 
possible number of contacts (in most cases only 1 overlap 
contact will be there). Hence, for obtaining the microstruc-
tural parameters for a realistic uncompressed assembly 
through our model, the assemblies generated from RCP are 
compressed to a small value of macroscopic stress (= 100 
Pa). These parametric correlations are validated by com-
paring the values of keff estimated using the microstructural 
parameters obtained as above with that of the numerical 
model presented in Sect. 2.1.

3.3  Validation of parametric correlations

The parametric correlations are validated with new 
assembly configurations generated by compressing the 
assemblies with �0 = 0.636 . Note that, these assemblies 
are not used for estimating the correlations given in 

Fig. 12  a Correlation for total 
coordination number N with 
the initial packing fraction ( �0 ), 
b Correlation for the overlap 
coordination number No with 
the normalized macroscopic 
stress �zz∕E for different �0
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Fig. 13  Correlation for the a 
mean contact radius rc , b effec-
tive gap he with the normalized 
macroscopic stress �zz∕E for 
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Eq. 3.2. Figure 14 shows the comparison of the effective 
thermal conductivities calculated by the numerical model 
and the analytical model by employing the above identi-
fied parametric correlations to represent the microstruc-
tural information instead of importing the specific micro-
structural data of the respective assembly. Compressed 
assemblies are considered with �0 = 0.636 using the mate-
rial properties of Lithium Orthosilicate (OSi), Lithium 
Metatitanate (LMT) granules in Helium/Air environment. 
The material properties are presented in Table 1. A good 

agreement is observed between the effective conductivi-
ties estimated by the numerical model and the analyti-
cal model using parametric correlations for determining 
microstructural parameters. Thus, the dependence on the 
DEM simulations for the analytical estimation of keff is 
now eliminated with the assistance of parametric correla-
tions without loss in accuracy. The analytical model for 
keff with microstructural parameters estimated from the 
parametric correlations will be refereed to as the analyti-
cal model in later sections.

4  Results and discussion

In this section, the effective thermal conductivity of granular 
beds evaluated from the analytical model is compared with 
the experimental measurements reported in the literature 
[10–17, 19, 20]. Figures 15, 16, 17 and 18 show the com-
parison of the analytical keff with the experimental measure-
ments for various granular systems. The experimental results 
of keff for granular beds are divided into two parts—low and 
high solid to gas conductivity ratios to address the range 
of values for the fitting parameter � for each case. To show 
the effect of fitting parameter � on keff , a comparison of the 
analytical keff with the experiments for different values of � 
is presented later in this section (Figs. 15a, 17c). As the ana-
lytical model is developed for monosized granular beds, the 
mean diameter is considered as the diameter of granules for 
the evaluation of keff for polydisperse granular beds. Since, 
the numerical and analytical models are in good agreement, 
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Fig. 14  Comparison of keff evaluated from the numerical model with 
that of keff calculated from the analytical model with microstructural 
parameters estimated from the parametric correlations for different 
granular assembly parameters

Table 1  Bulk properties of 
Lithium ceramic granules, 
Helium and Air

Material Property Numerical value

OSi Ks Wm−1 K−1 −1.596 × 10−9T3 + 3.042 × 10−6T2 − 0.0019T + 2.591 , T in ◦C [56]
(1.98 + 850∕T)(1 − p)∕(1 + p(1.95 − 8 × 10−4T)) , p ≈ 0.05 , T in K [57]

E GPa 90
ms g mol−1 119.85

LMT Ks Wm−1 K−1 [(1 − p)∕(1 + (1.06 − 2.88 × 10−4T)p)](4.77 − 5.11 × 10−3T + 3.12 × 10−6T2) , 
p ≈ 0.08 , T in K [58]

(1 − p)2.9(5.35 − 4.78 × 10−3T + 2.87 × 10−6T2) , p ≈ 0.08 , T in K [59]
E GPa 200.6
ms g mol−1 109.76

LZT Ks Wm−1 K−1 (1 − p)(5∕3)(3.643∕(1 + 0.00155T) + 7.579 × 10−10T3) , p ≈ 0.2 , T in K [60]
E GPa 70
ms g mol−1 153.1

Helium Kf Wm−1 K−1 3.366 × 10−3T0.668 , T in K [61]
� �Pa s 18.65 × (T∕273.16)0.7 , T in K [62]
mf g mol−1 4

Air Kf Wm−1 K−1 −8.652 × 10−9 T2 + 7.038 × 10−5 T + 0.006237 , T in K [63]
� �Pa s −1.674 × 10−5T2 + 0.05805 × T + 2.134 , T in K [63]
mf g mol−1 28.96
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only the analytical model is compared with the experiments 
in this section. Also, note that the contribution of radiation 
to keff is considered as per Sect. 2.6 in the analytical keff 
unless otherwise stated.

4.1  Low solid to gas conductivity ratio

A solid to gas conductivity ratio less than 500 is considered 
as low in this work. The values of the fitting parameter � 

Fig. 15  Comparison of keff 
estimated using the analytical 
model with different experi-
mental measurements for OSi 
granular beds in the presence 
of stagnant gas Helium/Air 
[15, 19]: a comparison of keff 
estimated from the analytical 
model with different values for 
fitting parameter ( � ) with the 
experimental measurements of 
keff for a granular bed with low 
solid to gas conductivity ratio 
(Osi in Helium/Air), b effect 
of the macroscopic stress ( �zz ) 
on keff for OSi bed in Helium, 
c effect of the gas pressure on 
keff for OSi bed in Helium/Air, 
compared with keff from ana-
lytical model with and without 
including the contribution of 
radiation to effective conductiv-
ity, d effect of gas pressure on 
keff for OSi beds in Helium/
Air showing the characteris-
tic S-curve of Smoluchowski 
effect. (In the figures, E refers to 
the experimental measurements, 
whereas, A refers to the predic-
tions of the proposed analytical 
model)
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Fig. 16  Experimental keff 
compared with the analytical 
keff with and without including 
the contribution of radiation to 
the effective conductivity, a 1: 1 
mm LMT granules with a pack-
ing fraction of 63% in Helium 
[20] and 2: 1.9 mm LMT 
granules with a packing fraction 
of 60% in Helium [16], b 1.2 
mm LZT granules in Helium 
[13]. (In the figures, E refers to 
the experimental measurements, 
whereas, A refers to the predic-
tions of the proposed analytical 
model)
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is found to lie in the range of 0.5–0.75 for assemblies with 
solid to gas conductivity ratios less than 500. The solid to 
gas conductivity ratio lies in the range of 5–100 for the Lith-
ium ceramic granules [Lithium Orthosilicate(OSi), Lithium 
Metatitanate (LMT) and Lithium Metazirconate (LZT)] in 
the presence of Helium/Air.

4.1.1  Lithium orthosilicate granules in Helium/Air

Pupeschi et al. [19] reported the experimental measurements 
of keff for polydisperse OSi granules in Helium/Air at differ-
ent gas pressures and bed temperatures. The OSi beds have 
undergone mechanical conditioning of 3 full loading/unload-
ing cycles before measuring the effective thermal conductiv-
ity. The reported values of keff for the OSi granular bed are 
mean values of the keff measured at 0 and 6 MPa uni-axial 
stress. As the current analytical model is developed for mon-
osized pebble beds, we use the mean diameter of the bed as 
the diameter ( 360 μm ). The packing fraction of the uncom-
pressed bed is reported as 0.642. Thus, the inputs for the 
estimation of the microstructural parameters ( � , No , Ng , rc , 

he ) from the parametric correlations are taken as �0 = 0.642 , 
D = 360 μm and E = 90GPa . The bulk conductivity of OSi 
granules is determined by means of the polynomial fit for 
the conductivity values reported in [56]. The other material 
properties are mentioned in Table 1. The fitting parameter � 
is determined through trial and error in the range of 0.5–0.75 
to best fit with experimental observations. Figure 15a shows 
the comparison of keff estimated from the analytical model 
with experiments for different values of fitting parameter 
� . It can observed that the analytical model fits better with 
experimental results for Helium with �=0.69, whereas, 
� = 0.66 fits better for Air. This lower value of � for the case 
of Air than � for the case of Helium might be due to higher 
solid to gas conductivity ratio of Air ( 35 < 𝛼0 < 100 ) than 
that of Helium ( 5 < 𝛼0 < 20 ). Also, it was observed that 
� = 0.69 gives good agreement with experimental meas-
urements of keff for all other Lithium ceramic granules in 
Helium. Hence, a value of 0.69 for � is used in this work for 
all Lithium ceramic granules in Helium. It is observed from 
both experimental and analytical results in Fig. 15b, that keff 
varies slightly with compression for the OSi bed in Helium. 

Fig. 17  Comparison of keff 
estimated using the analytical 
model with different experi-
mental measurements: Effect 
of the gas pressure on keff for a 
LZT granular beds in presence 
of stagnant Helium [13] for dif-
ferent bed temperatures, b Alu-
mina [14], Magnesium Oxide 
[10] and Uranium [11] granular 
beds in presence of stagnant 
Helium. c Comparison of keff 
estimated from the analytical 
model with different values for 
fitting parameter ( � ) with the 
experimental measurements 
of keff for a granular bed with 
high solid to gas conductivity 
ratio (Uranium in Argon [11]). 
d Effect of the size of particles 
on keff and the saturation pres-
sure for Uranium granules in 
Nitrogen [11]. (In the figures, E 
refers to the experimental meas-
urements, whereas, A refers to 
the predictions of the proposed 
analytical model)
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The analytical keff reported in this section for the OSi beds 
is the mean of the effective conductivities for �zz = 1 Pa and 
6 MPa unless mentioned otherwise. Figure 15c shows keff 
evaluated from the analytical model with and without the 
effect of radiation at different gas pressures (1.2 and 4 bar). 
The contribution of the radiation to keff is observed to be 
small for this 0.36 mm granules for a temperature range of 
20–700 °C. This is in accordance with the findings of Asa-
kuma et al. [48], that the contribution of radiation to keff 
is negligible for granular beds with temperatures less than 
1000 K and particle diameters less than 1 mm.

Enoeda et al. [15] reported the effective conductiv-
ity for OSi bed in Helium over wider range of gas pres-
sures (1–106 Pascals). The bed parameters for the OSi bed 
reported in [15] are � = 0.625 , D = 0.44 mm. Different 
bulk conductivity values for OSi particles are reported in 
the literature [34, 56, 57]. The analytical model with Ks 
from Donne and Sordon [57] (denoted as Ks − D ) matches 
better with experiments compared to Ks from Löbbecke 
et al. [56] (denoted as Ks − L ) as observed in Fig. 15d. 
This may be due to the difference in the materials and other 
uncertainties in the experimental conditions. The analyti-
cal model is able to capture the characteristic S-curve of 
the Smoluchowski effect (Fig. 15d). At low pressures, the 
experimental keff is higher than the analytical model pre-
dictions. This error might be due to uncertainties in the 
experiments since, keff as high as 0.2Wm−1 K−1 at almost 
vaccum (10 Pa gas pressure) for an uncompressed OSi 
bed is not expected. Even for Uranium granules with bulk 
conductivity almost 10 times higher than OSi, keff reported 
experimentally is only 0.05Wm−1 K−1 at 10 Pa gas pres-
sure (see Fig. 17b).

From Fig. 15d, it is observed that the saturation pres-
sure for Helium is higher than that of Air resulting in the 
S-curve for the case of Helium to be on the right of that of 
Air. This is due to the higher mean free path for Helium 
than for Air at a given state leading to higher Knudsen 
number ( Kn ). This results in a lower saturation pressure 
for Air than for Helium. Furthermore, from the S-curves 
of a bed in Air at different temperatures, it is observed that 
the saturation pressure depends on the temperature of the 
bed. This behavior is the consequence of dependence of 
the mean free path on the temperature. From the compari-
son to experiments presented above, it can be concluded 
that the analytical model is able to capture the effect of 
stress, temperature, gas pressure and the nature of gas on 
the effective thermal conductivity of OSi granular beds.

4.1.2  Lithium metatitanate granules in Helium

The experimental results presented by Panchal et al. [20] and 
Hatano et al. [16] are compared with the analytical model 
for Lithium Metatitanate (LMT) granules. Panchal et al. 

[20] performed experiments with uncompressed bed at a 
packing fraction of 63% (achieved through vibrations) of 1 
mm diameter LMT granules in Helium. Hatano et al. [16] 
performed experiments with uncompressed bed at a pack-
ing fraction of 60% of 1.9 mm diameter LMT granules in 
Helium. For the analytical estimation of keff , we considered 
the microstructural parameters corresponding to �0 = 0.63 
with 1 mm sized granules and �0 = 0.60 with 1.9 mm sized 
granules. The stress state is assumed to be �zz = 100 Pa. 
Different bulk conductivity values ( Ks ) are reported in the 
literature [58, 59] for LMT granules. The material properties 
can be seen in Table 1. Figure 16a shows the comparison of 
keff from the experiments with keff as predicted by the ana-
lytical model with and without including the effect of radia-
tion. The analytical model with Ks from [58] matches with 
experimental values of keff reported in Hatano et al. [16], 
whereas, Ks from [59] matches with experimental values of 
keff reported in Panchal et al. [20]. It is observed from the 
Fig. 16a that keff from the analytical model with the inclu-
sion of radiation matches best with the experiments. Also, 
it can be noticed that the effect of radiation predicted by the 
analytical model is higher for 1.9 mm granules than the 1 
mm granules (according to Eq. 2.21).

4.1.3  Lithium metazirconate granules in Helium

The experimental results presented at [13] on Lithium 
Metazirconate beds in Helium are compared with the ana-
lytical model predictions. The input parameters for the ana-
lytical model such as temperature, gas pressure, packing 
fraction and particle size are taken from the experiments 
[13]. A nominal macroscopic stress ( �zz ) of 100 Pa is consid-
ered for the estimation of the microstructural parameters. A 
wide range of bulk conductivity values are reported for LZT 
in the literature [64]. The design correlation for Ks of LZT as 
reported by the International Thermonuclear Experimental 
Reactor (ITER) team is used in this work [60]. The mate-
rial properties are mentioned in Table 1. The comparison of 
keff from the analytical model with the experimental results 
for LZT bed with different temperatures [13] is presented 
in Fig. 16b. It can be noticed that the keff from analytical 
model with inclusion of radiation is in good agreement with 
the experimental results. At low temperatures, the contri-
bution of radiation to keff is negligible. However, at high 
temperatures, keff with and without the effect of radiation 
diverge as observed in Fig. 16b. This significant difference is 
because of the size of the particles (1.2 mm) as the radiative 
heat transfer is proportional to particle size (according to 
Eq. 2.21). Figure 17a shows the comparison of the analyti-
cal model including the contribution of radiation with the 
experimental results [13] demonstrating the effect of the gas 
pressure on keff . It can be noticed from the Figs. 16b and 17a 
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that the analytical model is able to predict the experimental 
results with a reasonable accuracy for LZT granular beds.

4.1.4  Some other assemblies with low solid to gas 
conductivity ratio

Figure 17b shows the comparison of keff from the analytical 
model with experimental measurements for Alumina [14], 
Magnesium oxide [10] and Uranium granules [11] in the 
presence of Helium. The input parameters for the analytical 
model such as packing fraction, particle size, temperature 
and gas pressures are same as the experimental conditions. 
The stress state is considered as �zz = 100 Pa for the three 
assemblies. The fitting parameter � is determined through 
trial and error to best fit with experimental observations sim-
ilar to the case of Lithium ceramics mentioned before. The 
input parameters ( �0 , R, E) used for estimating the micro-
strcutural parameters are as shown in Table 2. Furthermore, 
Table 2 shows the bulk conductivity of the granules, the cor-
responding solid to gas conductivity ratios and the values of 
� taken for each assembly. The bulk conductivity of Helium 
is estimated as a function of temperature as given in Table 1. 
A satisfactory agreement is observed between the analytical 
and experimental results as shown in Fig. 17b.

4.2  High solid to gas conductivity ratio

A solid to gas conductivity ratio greater than 500 is consid-
ered as high in this work. For such assemblies, the fitting 
parameter ( � ) lies in the range of 0.1–0.5. For validating the 
analytical model at high solid to gas conductivity ratios, keff 
from the analytical model is compared with different granu-
lar assemblies (Beryllium in Helium [12], Uranium in Nitro-
gen/Argon [11], Steel in Air [17]). The input parameters ( �0 , 
R, E) used for estimating the microstrcutural parameters are 
as shown in Table 3. Furthermore, Table 3 shows the bulk 
conductivity of the granules and the corresponding solid to 

gas conductivity ratios taken for each assembly. The bulk 
conductivity and viscosity values of Helium and Air are esti-
mated as per correlations presented in Table 1. The conduc-
tivities of Argon and Nitrogen at the room temperature are 
taken as 0.0177Wm−1 K−1 and 0.0257Wm−1 K−1 , respec-
tively [65]. The viscosity values of Argon and Nitrogen at 
the room temperature are taken as 22.9 μPa s and 17.8 μPa s , 
respectively [65]. For the Uranium in Nitrogen/Argon beds, 
macroscopic stress �zz = 100 Pa is used. Figure 17c shows 
the comparison of keff estimated from the analytical model 
with experimental measurements for Uranium in Argon with 
different values for fitting parameter � . It can observed that a 
value of 0.27 for � fits the experimental measurements better. 
Similarly, the values of � are determined for other assemblies 
and presented in Table 3.

Figure 18a, b show the effect of stress on keff for beds 
with high solid to gas conductivity ratios. It is observed 
that for the assemblies with high solid to gas conductivity 
ratio (Be in Helium and Steel in Air), the effect of �zz is sig-
nificant in contrast to what we observed for the case of low 
solid to gas conductivity ratio (OSi in Helium) assemblies. 
This is because, in the case of beds with high solid to gas 
conductivity ratio, the solid conduction contributes most 
to the effective conductivity. This solid conduction occurs 
through overlap contact area which scales with the stress 
on the bed. Figure 17d shows the comparison of analyti-
cal and experimental keff for Uranium granular assemblies 
with different mean sizes of granules in stagnant Nitrogen. 
For both sizes, the same value of � is used. The saturation 
pressure as predicted by the analytical model is lower for 
the larger particles than the smaller particles as observed 
in the Fig. 17d for the same gas type and temperature. This 
is due to the dependence of the Knudsen number on the 
characteristic dimension of the contacts which depends on 
the particle sizes.

Note that the effective conductivity is estimated by the 
analytical model using directly experimentally available 

Table 2  Parameters used for 
estimating keff of granular 
assemblies presented in Fig. 17b

Materials � R ( μm) E (GPa) T ( ◦C) K
s
 ( Wm−1 K

−1) �
0

�

Al2O3 in He 0.567 500 215 300 14.4 60.8 0.66
MgO in He 0.58 100 250 200 30 150 0.6
Uranium in He 0.6 95 200 25 28 185 0.6

Table 3  Parameters used for estimating keff for different granular assemblies

Materials � R ( μm) E (GPa) T ( ◦C) P ( × 105 ) (Pa) K
s
 ( Wm−1 K

−1) �
0

�

Beryllium in He (Fig. 18a) 0.56 1000 300 33 0.93 150 973.6 0.36
Uranium in N2 (Fig. 17d) 0.6 – 200 25 – 28 1089.5 0.36
Uranium in Ar (Fig. 17c) 0.6 95 200 25 – 28 1581.9 0.27
Steel in Air (Fig. 18b) 0.56 250 200 33 1 73 2706.5 0.14
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parameters (such as bed properties like initial packing frac-
tion �0 , macroscopic stress �zz , temperature T, gas pressure 
P, particle diameter D and bulk properties of solid like ther-
mal conductivity Ks , molecular weight ms , Young’s modulus 
E and bulk properties of interstitial gas like thermal conduc-
tivity Kf  , molecular weight mf  , viscosity of gas � ) without 
any dependence on simulations. The analytical model pro-
posed in this paper includes the effect of the microstruc-
tural parameters of a bed, radiation and the Smoluchowski 
effect in the estimation of keff resulting in a good agreement 
between the experiments and the analytical model. The 
effect of gas type, particle size, temperature on the satura-
tion pressure for the keff is captured satisfactorily. The value 
of the fitting parameter ( � ) is selected to best match the ana-
lytical predictions with the experimental results based on 
the value of solid to gas conductivity ratio ( �0 ). However, a 
relation between � and �0 currently doesn’t exist which may 
be established in future work, so as to decipher a physical 
significance to the parameter �.

5  Summary and conclusions

An analytical model including the Smoluchowski effect and 
the effect of heat flow through radiation for the estimation 
of the effective thermal conductivity of a monosized granu-
lar assembly in the presence of a stagnant gas is presented. 
The analytical model presented in this work depends on the 
microstructural parameters (instantaneous packing fraction 
� , total coordination number N, overlap coordination number 
No , gap coordination number Ng , mean contact radius rc , 
effective gap he ) of the assembly as well as the bulk mate-
rial properties of the granules and the surrounding gaseous 
medium. For the numerical estimation of keff , a modified 
Resistor Network model with the inclusion of Smoluchowski 
effect has been developed. In a granular assembly, the gas is 

confined in small gaps leading to a reduction in conductivity 
of the gas with decreasing gas pressure. This dependence of 
the gas conductivity at each contact on the gas pressure is 
estimated in terms of Knudsen number. The mean free path 
of the gas molecules needed to estimate the Knudsen number 
is calculated based on the relationship between viscosity and 
mean free path. A simplified estimate of the contribution of 
radiation to the effective conductivity is evaluated in terms 
of the emissivity of the surface of the particles and the tem-
perature of the assembly.

A numerical investigation on the effect of compressive 
cyclic loading on the microstructural parameters is carried 
out. The microstructural parameters showed saturation with 
the increasing number of loading/unloading cycles indicat-
ing that the major local rearrangements are limited to few 
initial cycles. The effective thermal conductivity of the bed 
is not only a function of instantaneous packing fraction but 
also depends on the history of the bed which can be quan-
tified by the initial packing fraction and the macroscopic 
compression state. The difference in keff of assemblies with 
same instantaneous packing fractions, but different histo-
ries is proportional to the solid to gas conductivity ratio. 
The increase in keff of an assembly with an increase in com-
pression is proportional to it’s solid to gas conductivity 
ratio. Parametric correlations to estimate the microstruc-
tural parameters ( � , N, No , Ng , rc , he ) from the experimen-
tally known initial packing fraction �0 , macroscopic stress 
along the axial direction �zz and Young’s modulus of the 
solid material E have been obtained in the form of empiri-
cal relations. The dependency of the analytical model on 
DEM simulations to obtain the microstructural parameters 
is thus eliminated with the help of parametric correlations. 
The contribution of radiation to the effective conductivity 
is significant only for beds with particle sizes greater than 1 
mm and bed temperatures more than 1000 K. The effective 
thermal conductivity estimated from the analytical model 

Fig. 18  Comparison of keff 
estimated using the analytical 
model with different experimen-
tal measurements: Effect of the 
macroscopic stress ( �zz ) on keff 
for assemblies composed of a 
Beryllium granules in Helium 
[12], b steel granules in Air 
[17]. (In the figures, E refers to 
the experimental measurements, 
whereas, A refers to the predic-
tions of the proposed analytical 
model)
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using the parametric correlations is in good agreement with 
the numerical as well as the experimental results for differ-
ent granular assemblies reported in the literature. The value 
of the fitting parameter ( � ) is inversely related to the solid 
to gas conductivity ratio of a granular assembly. The fitting 
parameter lies in the range of 0.5–0.75 for low solid to gas 
conductivity ratios, whereas, for high solid to gas conduc-
tivity ratios it falls in the range of 0.1–0.5. The proposed 
analytical model is able to predict the experimental measure-
ments of keff of a granular assembly fairly well over a wide 
range of solid to gas conductivity ratios (10–2500), gas pres-
sures (10–106 Pa ), bed temperatures (25–1000 °C), particle 
diameters (0.2–2 mm) and packing fractions (0.56–0.65).
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