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Bulk material properties
E Young’s modulus
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γlsc Packing fraction of the large slend

https://doi.org/10.1016/j.powtec.2021.06.033
0032-5910/© 2021 Elsevier B.V. All rights reserved.
a b s t r a c t
a r t i c l e i n f o
Article history:
Received 14 January 2021
Received in revised form 4 June 2021
Accepted 20 June 2021
Available online 25 June 2021

Keywords:
Discrete element method
Mono-sized particles
Polydisperse particles
Packing fraction
Slender prismatic containers
Void fraction
Discrete Element Method (DEM) simulations are carried out to investigate the packing structure of the vibrated
mono-sized and polydisperse particle assemblies in slender prismatic containers. Quantities like void fraction
distributions, coordination number distribution, Voronoi packing fraction distributionswere analyzed. DEM sim-
ulations show excellent agreement with the experimental data. The transient response of the packing structure
during the vibration of mono-sized spheres reveals that the crystallization starts at the walls. The packing struc-
ture's crystallinity enhances during vibration, increasing the packing density of the assembly. Vertical vibration is
found to bemore effective compared to lateral vibration. The packing structure is found to be independent of the
container's orientation during the filling process. The influence of the ratio of the container dimensions to mean
particle diameter (X/dm) and polydispersity (λ) on the packing structure is analyzed. The results showed that the
increase of X/dm ratio or λ, increases the random arrangement of particles.
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λ Polydispersity
a Amplitude of the container vibration
f Frequency of the container vibration
X, Y, Z Dimensions of the container
x, y, z Coordinate axis
Abbreviations
DEM Discrete element method
VFD Void fraction distribution
Lsc Large slender container
CND Coordination number distribution
VPFD Voronoi packing fraction distribution
1. Introduction

Granularmedia have increasingly become an integral part of various
fields of engineering, pharmaceuticals, food processing, and the power
sector. The discrete nature of granular materials leads to their complex
macroscopic response. Granular systems like nuclear fusion breeder
beds, electrodes in batteries, and thermal energy storage devices
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[1–3], undergo various thermo-mechanical interactions [4–11]. These
interactions may lead to volumetric heating [12], particle breakage
[13–15], and thermal expansion [16] influencing overall thermo-
mechanical response of the systems. The packing structure of granular
systems is shown to influence the evolution of their thermo-
mechanical responses [17–22]. Therefore, the formation and evolution
of the packing structure of granular systems under external stimuli is
an important aspect of the study for understanding their behavior and
for their better design.

Particle dynamics can be modeled using the Discrete Element
Method (DEM). It is one of the efficient and widely used numerical
tools to compute the motion of the particles and inter-particle interac-
tions, simulating the behavior of granular media. Cundall and Strack
[23] first introduced the formulation of the discrete element method
for granular materials. DEM is typically used to model the interactions
at the particle level to investigate the impact of these interactions on
the whole system at a macroscopic level. In general, the packing struc-
ture of an assembly is influenced by various factors like particle con-
tainer geometry, shape and size of the particle, particle bulk
properties, and densification techniques. The packing of spherical parti-
cles into various container geometries such as cubical [24], cylindrical
[25] and U shaped [26] have been investigated in the past. The influence
of various particle shapes such as spherical [27], cylindrical [28], cubical
[29], tetrahedral [30], ellipsoids [31,32], other complex shapes [33–36]
and particles of varying size distribution [37] have also been analyzed
through DEM simulations. DEM is extensively used to understand sev-
eral aspects of granular system, and various studies like evolution of fab-
ric and mixing of granular assemblies [38–42], determination of
effective thermal conductivity of the pebble bed [43–46], and powder
spreading in powder-bed based additive manufacturing process [47]
have been studied in recent years.

In the past, most of the studies on packingwere performed for grav-
ity filling, achievingmoderate packing fractions. However, inmost tech-
nical applications, dense packing is desired. There are different
densification techniques like vibration, knocking, tapping, andhammer-
ing [48,49], which result in higher packing densities compared to mere
gravitationalfilling. Among these, vibration is the standarddensification
technique. With the improvement of experimental capabilities, e.g., by
tomographic techniques, and the further development of the DEM tech-
niques, extensive researchwas carried out on vibrated sphere packings.
The experimental investigations and DEM simulations on such vibrated
packings have shown that, during vibration, the disordered structure
transforms into an ordered structure leading to crystallization of the as-
sembly [24,48,50–64].

In the following, the non-homogeneous nature of particle arrange-
ment in the finite confinements is discussed. The experimental investi-
gation by Benenati and Brosilow [65] revealed, for the first time, the
non-homogeneous nature of the packing structure from the wall to
the bulk of the container. This topic is of importance for technical appli-
cations, and it has been addressed since then in many papers, see
e.g., [24–26,48,54,59,60,62]. For instance, DEM simulations of packing
mono-sized particles in the cubical container with consideration of
gravity effect and horizontal vibration carried out by Desu et al. [24] re-
veal that the wall effect is seen up to few layers as shown in Fig. 1. The
fluctuation of the packing fraction is due to the wall effect (near the
wall) and the dampening out of fluctuations depicts the non-
structured packing (away from the wall). It should be noted that these
fluctuations also exist for non-vibrated particle beds, an experimental
result is given in [48], and for DEM simulations with gravitational filling
[24–26]. However, the fluctuations are less expressed compared to vi-
brated particle beds.

Regarding the results presented in the following sections, previous
DEM work on the packing of particles with vertical vibration is briefly
discussed. Here, work started with the development of regular struc-
tures above the bottom plate using periodic boundary conditions, see
e.g., [52,57,61]. This method was extended for lateral walls for circular,
32
cubic, and prism-like containers [24,62,63]. Generally, the distance be-
tween opposite lateral walls was large compared to the particle diame-
ter resulting in no interconnection of wall layers. For circular containers
[62], the case of a cylinder to particle diameter ratio of 13 was investi-
gated. Because of the circular walls, the build-up of regular structures
is significantly restricted.

For the investigations described in this work, a slender prismatic
container is considered, and the DEM results are compared with exper-
imental tomography results carried out by Reimann et al. [64]. The rea-
son for this is twofold: i) the practical importance of slender prismatic
containers in the area of solar thermal energy storage systems,
lithium-ion batteries, and breeding blankets in future thermal fusion re-
actors [10,66–70], ii) because of plane walls, no wall curvature effects
exist; the wall layers at the two large opposite walls can become more
easily interlinked. Such a defined geometry is alsowell suited for the in-
vestigation of wall structures developed in the packing of mono-sized
spherical particles and polydisperse systems. The transient response of
a mono-sized packing structure with vibration is also analyzed. The
vital factors influencing polydisperse packing structure, like the ratio
of the container dimensions to the particle's mean diameter (X/dm
ratio) and polydispersity (λ) (to be defined later), were also studied.
The outline of the paper is as follows. The details of the simulations car-
ried in this work are discussed in Section 2. The results and discussions
are reported in Section 3. Further, DEM simulations on mono-sized and
polydisperse packings were presented in Sections 4 and 5. Finally,
Section 6 summarizes the paper.
2. Details of experimental and simulation methodology

In this section, the procedure for different simulations carried out in
work is described. A slender prismatic container, used in [64] with di-
mensions X = 20 mm and Y = Z = 80 mm with a filler opening at
top right as shown in Fig. 2(a) is used for the simulations. The walls of
the containers parallel to the yz plane at x=0mmand x=X are labeled
as back and front wall, respectively. The walls parallel to the zx and xy
planes are labeled as sidewalls (see Fig. 2(a)). The sidewall-3 (container
wall at z=0) is oriented at an angle 45° to the horizontal during the fill-
ing process such that filler opening is at the highest elevation as shown
in Fig. 2(b). The particles are filled up to 60% of the container volume ini-
tially under gravity. Then the container is vibrated vertically along zʹ-di-
rection (against the gravity direction) with amplitude 0.6 mm (0.5
times mean radius of the mono-sized particle) and frequency of
100 Hz for 15 s as shown in Fig. 2(b). Vibration is halted, and the con-
tainer volume is filled up to 80% followed by the same vibration param-
eters as before, this process is repeated until the container is completely
filled. After the final filling, the container is rotated back to zero orienta-
tion and vibrated to remove any heap formation. The above chosen di-
mensions of the container and the filling strategy are similar to the
experiments [64]. The simulations are carried out in open-source DEM
package LIGGGHTS [71] with Hertzian contact model for particle-
particle as well as particle-wall interactions. The procedure followed
by Reimann et al. [64], to analyze the packing structure experimentally
is as follows. Hard X-rays were used to obtain the tomographic data of
the assembly. Radiographic images of the assembly are taken from dif-
ferent angles, and tomography of the assembly is reconstructed from
these images; thus, volume images are obtained. The volume images
are analyzed using iMorph software [72] to get the details of spheres
and contacts among them.

The mono-sized and polydisperse packings have been simulated in
the present study. The particle properties and parameters used in the
simulations are given in Table 1, and the simulations carried out are
listed in Table 2. The results of the simulations are discussed in
Sections 3 to 5.



Fig. 1. The variation of packing fraction [24] along (a) x-direction, (b) y-direction, and (c) z-direction under gravity filling for laterally vibrating container (FFv) and static container(FFs).
[Color online].
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3. Validation with experiments

In this section, the results of the numerical simulations carried out
for both mono-sized and polydisperse particle packings (cases SM1
and SP1 in Table 2) were compared with the experimental results [64]
(cases EM and EP in Table 2). The characteristic quantities like void frac-
tion distribution (VFD), particle distribution at the walls, coordination
number distribution (CND), and Voronoi packing fraction distribution
(VPFD)were used for the comparison. The different volumes equivalent
to the experiments are used to calculate the above quantities are listed
in Table 4. The post-processing of the data to calculate the above men-
tioned quantities was carried out using MATLAB [73].
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3.1. Void fraction distribution

For the case of vibrated mono-sized particle assembly, a densely
packed structure is observed in the simulations with a packing fraction
(γtotal) equal to 0.675, which is close to the experimental value of 0.68.
Fig. 3(a) and 3(b) show a good agreement of the void fraction distribu-
tion (VFD) for total volume and large slender container (lsc) along the
x-direction for the simulated assembly and the experimental results, re-
spectively. The large slender container (lsc) is considered to be charac-
teristic of two infinitely large parallel plates separated by a distance of X.
In Fig. 3(b) (lsc), the VFDminima are at lower values than those in Fig. 3
(a) (total volume) which result in an increased γlsc of 0.71 compared to



Fig. 2. (a) Schematic of the slender prismatic container used in simulations, (b) Filling of particles into an inclined container. [Color online].
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γtotal=0.675, see Table 2. The VFD in the x-direction fluctuates from
wall to wall. In prismatic containers with X/dm = 25, the fluctuation
zones were limited to a distance of about six pebble diameters close to
the walls [24], while a larger distance is also possible with changes in
geometry and vibration parameters [48]. For the slender container
with X/dm ≈ 8.33, only ten pebble layers exist in the x-direction,
resulting in the interlocking of the wall zones developing from each
wall. Hence, the formation of regular dense packing is seen in the entire
volume along the x-direction. The double-peakedmaxima of eachwave
observed in Fig. 3(a) and 3(b), are a unique characteristic of dense pack-
ing, as already observed experimentally by Reimann et al. [48] in cylin-
drical containers. The void fraction distributions along y and z directions
shown in Fig. 3(c) and 3(d), are also in good agreementwith the exper-
imental results. In Fig. 3(d), the difference in VFD near 80mmalong the
z-direction is that the container is not completely filled in simulations
due to numerical difficulty. Whereas in experiments, the container can
be easily completelyfilled. Hence, along the z-direction, the VFD reaches
the value of 1.0 lower than 80 mm in simulations compared to experi-
ments. Furthermore, the higher void fraction (higher amplitudes) be-
tween experimental and numerical results is because of the relatively
more ordered packing structure in simulations than experimental find-
ings [65]. For instance, Fig. 7(a) and Fig. 7(b) depict the sphere distribu-
tion in the xy plane to be more ordered in simulations compared to
experiments. The slight variation of experimental VFD along y and z di-
rections near the walls is caused due to the lower density of the particle
Table 1
Material properties and simulation parameters.

Parameters Spheres Container

Young's modulus, E 210 GPa 3 GPa
Poisson's ratio, ν 0.3 0.3
Coefficient of restitution, e 0.55 0.6
Coefficient of friction, μ 0.1 0.1
Coefficient of rolling friction, μr 0.02 0.02
Time step, δt 1 X 10−6 s
Amplitude of vibration, a – 0.6 mm
Frequency of vibration, f – 100 Hz
Duration of vibration after each filling – 15 s
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at the wall. Such disturbances have not been observed in simulations,
hence resulting in a similar trend (minima and maxima in VFD)
throughout the volume.

For vibrated polydisperse-sized particle beds, the VFDs along x, y,
and z directions, the simulation results again agree well with the exper-
iments as seen in Fig. 4(a) to 4(d). The packing fraction obtained for the
simulated assembly is about 0.623, which is slightly higher than the ex-
perimental value of 0.62. In contrast to themono-sized packing, the VFD
fluctuations damp out after 4–5wall layers resulting in the formation of
a bulk region, where the particles are no longer arranged in regular
structures. Hence, interlocking of the wall effect arising from opposite
walls is not observed in the polydisperse case.
3.2. Particle distribution in various planes

In this section, the distribution of spheres on different walls is ana-
lyzed. The close-packed mono-sized assembly may resemble the ideal
stacking sequence of ABAB, ABCABC analogous to HCP, or FCC close
packing observed in crystalline materials. Here, the ideal ABAB and
ABCABC stacking have been constructed with similar dimensions of
the simulation box, and the arrangement of particles atwalls is analyzed
and compared.

For the mono-sized assembly, Fig. 5 shows the arrangement of peb-
bles in the first wall layer of the front wall for simulation, experiment,
and ideal (ABAB and ABCABC) cases. Formation of vertical sphere chains
is observed in both simulation and experiment, resulting in a dense
sphere coverage inline with the two ideal cases (ABAB and ABCABC
stackings), as observed in Fig. 5. In both the ideal cases, ‘A’ stacking is
formed as the first wall layer; hence Fig. 5(c) and 5(d) look similar. For-
mation of the chains, either horizontal or vertical, results in equally
dense packing, as observed in experiments [64]. As both configurations
(horizontal and vertical chains) are equally stable, either of them or a
combination can be observed in the first layer near the wall. The walls
support the creation of stable particle packing patterns, which further
act as a basis for forming subsequent dense layers. Similar sphere distri-
bution is also observed on the opposite wall (back wall). Few structural
defects (voids) are observed in simulations as well as in experiments.

The distribution of particles in the first layer on the side wall-4 is
shown in Fig. 6. Sphere distribution obtained by simulation (Fig. 6(a))



Table 2
Experiments and DEM simulations in prismatic containers, Y = Z = 80 mm.

Cases X (mm) Diameters (mm) dm (mm) X/dm λ γtotal γlsc Ref

Experiments EM 20 2.4 2.4 8.33 0 0.680 [64]
EP 20 1.04,1.11,1.18 1.11 18.01 0.063 0.620

DEM Simulations SM1 20 2.4 2.4 8.33 0 0.675 0.710
SM2a 20 2.4 2.4 8.33 0 0.594 0.606
SP1 20 1.04, 1.11, 1.18 1.11 18.01 0.063 0.623 0.637
SP2 30 2.25, 2.4, 2.55 2.4 12.5 0.063 0.625 0.640
SP3 20 2.08, 2.22, 2.36 2.22 9.01 0.063 0.617 0.633
SP4 20 2.25, 2.4, 2.55 2.4 8.33 0.063 0.613 0.634
SP5 20 2.3995, 2.4, 2.4005 2.4 8.33 0.00021 0.665 0.705
SP6 20 2.399, 2.4, 2.401 2.4 8.33 0.00042 0.661 0.709
SP7 20 2.3985, 2.4, 2.4015 2.4 8.33 0.00063 0.668 0.709
SP8 20 2.398, 2.4, 2.402 2.4 8.33 0.00083 0.663 0.703
SP9 20 2.395, 2.4, 2.405 2.4 8.33 0.0021 0.677 0.713
SP10 20 2.39, 2.4, 2.41 2.4 8.33 0.0042 0.655 0.699
SP11 20 2.385, 2.4, 2.415 2.4 8.33 0.0063 0.663 0.707
SP12 20 2.38, 2.4, 2.42 2.4 8.33 0.0083 0.664 0.706
SP13 20 2.35, 2.4, 2.45 2.4 8.33 0.021 0.644 0.674
SP14 20 2.3, 2.4, 2.5 2.4 8.33 0.042 0.625 0.647
SP15 20 2.25, 2.4, 2.55 2.4 8.33 0.063 0.613 0.634
SP16 20 2.2, 2.4, 2.6 2.4 8.33 0.083 0.612 0.630
SP17 20 2.1, 2.4, 2.7 2.4 8.33 0.125 0.614 0.630
SMb 25 1 1 25 0 [24]

a SM2: Mono-sized particles packing without vibration.
b SM: Y = Z = 25 mm.
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matches well with experiment (Fig. 6(b)). It is observed that the sphere
distribution is less dense on this wall when compared with the sphere
distribution on the front wall. In the ideal cases, it is seen that there ex-
ists a clear close packing arrangement of particles with regular patterns
(Fig. 6(c) and 6(d)). A similar regular pattern can be observed in small
regions (patches) in the case of simulation, indicating particles arrang-
ing towards a more stable and close packing.

Fig. 7 shows sphere distribution on the side wall-3 for different
cases. The spheres are mostly seen to arrange at a angle of 45° in simu-
lation (Fig. 7(b)) and experiments (Fig. 7(a)), which is similar to the
ideal ABCABC case (Fig. 7(d)). A slight disorder is observed in experi-
ments and simulations, giving rise to particles' arrangement at supple-
mentary angles, as each one arises from the walls and propagating
inwards and intercepting each other. The ABAB wall structure (as
shown in Fig. 7(c)) seems to differ from the remaining cases. The parti-
cles in theABAB case have also arranged at alternating angles of 45°, and
its supplementary angle.

In slender containers, the crystallization starts at the front and back
walls and propagates inward (detailed description in Section 4.1). Reg-
ular structures exist almost in the entire packing volume.

For the polydisperse particle assembly, Fig. 8(a) and 8(b) show the
first wall layer sphere distributions on the front wall. Large zones with
regular sphere patterns are not observed, only small clusters of similar
diameter particles exhibit regularities. Similar results are obtained for
the side wall-4 (see Fig. 9). In both figures, the agreement between sim-
ulations and experiment is good.

3.3. Coordination number distribution

The coordination number (CN) of a particle is defined as the number
of neighboring particles in contact. Formono-sized particle packing, the
simulation results of coordination number distribution for the total vol-
ume and first, third and fifth layers in ‘lsc’ are in good agreement with
the experiments, as seen from Fig. 10(a) and 10(b). The peak of CND
for the third and fifth layers is at 12, and for the first layer, it is at 9, sim-
ilar to the experimentalfindings. Themaximumnumber of particles has
a CN of 12, indicating that the obtained packing structure is close to the
hexagonal close-packed structures.

For polydisperse packing, Fig. 11(a) shows the coordination number
distribution for spheres in the bulk volume (the effects from all walls
35
were cut off). The trend obtained from the simulation is in line with the
experiment. The peak is observed at 7, equal to the mean value for the
bulk zone in random close packing as described in [64]. The coordination
number of spheres in the bulk volume with respect to their diameter is
shown in Fig. 11(b). The coordination increaseswith the increase in diam-
eter in accordance with the experimental observation [64].

3.4. Voronoi packing fraction

Voronoi packing fraction for the particles shows the extent of
closed packing in the assembly by analyzing the geometrical arrange-
ment of the particles. For the mono-sized assembly, the probability
distribution of the Voronoi packing fraction is calculated for mid-
layers, 4th, 5th and 6th layers along x-direction and compared with
5th layer of experiments. The VPFD has a peak at 0.74 in the wall
layers, characteristic for a dense closed packing structure, see Fig. 12
(a). Another peak is also noticed at 0.68; it is due to a few clusters
of spheres formed because of internal disturbances. For the polydis-
perse assembly, Fig. 12(b), the Voronoi packing fraction has a maxi-
mum at about 0.64 in the bulk volume, characteristic for random
close packing. The simulation curve is slightly shifted to higher values
than the experiments because of the larger packing fraction obtained
by simulation, compare Section 3.1.

In Section 3, with experiments, an impressive agreement of the DEM
simulationswith the experimental results is shown. In Sections 4 and 5,
results from further DEM simulations are reported to describe the
mechanism of filling and the effect of varying system properties on
the final packing structure.

4. Effect of vibration on mono-sized particle packing

In this section, the influence of vibration on the mono-sized particle
packing is analyzed. Here the packing structures of the mono-sized as-
semblies with and without vibration (gravity filling) (cases SM1 and
SM2* in Table 2) are investigated. In gravity filling, the particles are
filled continuously without vibration into the inclined container. After
complete filling, the container is rotated back to a horizontal position.
The VFD, CND, and VPFD were analyzed for the packing with and with-
out vibration, as shown in Fig. 13(a) to 13(c) respectively. The high void
fractions, lower peaks of coordination number, and Voronoi packing



Fig. 3. Comparison of void fraction distribution obtained in simulations with experiments [64] along (a) x-direction, (b) x-direction for large slender container (lsc), (c) y-direction, and
(d) z-direction for mono-sized particle assembly. [Color online].
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Fig. 4. Comparison of void fraction distribution for polydisperse particle assembly obtained in simulations with experiments [64] along (a) x-direction, (b) x-direction for large slender
container (lsc), (c) y-direction, and (d) z-direction. [Color online].
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Fig. 5. Visualization of first wall layer of front wall for (a) simulations (SM1), (b) experiment (EM) [64], and ideal cases: (c) ABAB stacking and (d) ABCABC stacking. [Color online].
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Fig. 6. The distribution offirstwall layer spheres on sidewall-4 for (a) simulations (SM1), (b) experiment (EM) [64], and ideal cases: (c) ABABmodel and (d)ABCABCmodel. [Color online].

Fig. 7. Sphere distribution on first wall layer of side wall-3 for (a) simulations (SM1), (b) experiment (EM) [64], and ideal cases: (c) ABAB model and (d) ABCABC model. [Color online].
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Fig. 8. Sphere distribution on first wall layer of front wall for (a) simulations (SP1) and (b) experiments (EP) [64] for polydisperse particle assembly. [Color online].

Fig. 9. Sphere distribution on first wall layer of side wall-4 for (a) simulations (SP1) and (b) experiments (EM) [64] for polydisperse particle assembly. [Color online].
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Fig. 10. Coordination Number distribution for mono-sized assembly in (a) Total volume, (b) different wall layers in ‘lsc’. [Color online].

Fig. 11. Coordination number distribution for polydisperse particle packing for (a) bulk volume, and (b) different diameter groups in bulk volume. [Color online].
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fraction depict that loose packing with high randomness exists in the
packing without vibration. It may be noted that the packing fraction of
total volume, without vibration (γtotal = 0.5935), is much less com-
pared to the packing structure obtained with vibration (γtotal =
0.675) as listed in Table 2. A similar comparison is carried out by Desu
et al. [24] but with different particle and vibration parameters for cubi-
cal containers. The evolution of packing structure with vibration is de-
scribed in Section 4.1. It may be noted that for the experimental
validation shown in Section 3, the volumes used for the calculation of
VFD, CND, VPFD were different for different mean diameters. However,
in Sections 4 and 5, the volumes were calculated consistently with re-
spect to mean diameter as listed in Table 5.
4.1. Transient response of the mono-sized particle assembly

In this section, the evolution of the packing structure during the
vibration-assisted filling is investigated for the mono-sized particles.
The overall packing fraction and the void fraction distribution are ana-
lyzed at regular intervals during the vibration period between consecu-
tive filling steps. Fig. 14 shows the overall packing fraction of the
assemblies during steps of filling with the duration of vibration (15 s).
The 60% filled indicates the first filling step; the inclined container is
filled up to 60% volume and followed by vibration (for 15 s). After the
vibration, the container is filled to 80% volume and vibrated for 15 s,
and this is the second step of filling, represented as 80% filled. Similarly,
92% filled is the third step of filling, and in the fourth filling step, the in-
clined container is filled up to 94% volume and rotated to the horizontal
position and vibrated for 15 s. For 60% filled container vibration (first vi-
bration stage), packing fraction is seen to increase significantly with vi-
bration time. Vibration promotes the spheres to occupy a stable
configuration, settling in a regular close-packed arrangement, thereby
increasing the packing fraction of the assembly. For the subsequent fill-
ing steps, the resulting structure from step one serves as a template, and
the increase of overall packing fraction is moderate.
Fig. 12. Voronoi packing fraction of (a) mono-sized particle ass
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Fig. 15 shows void fraction distribution for ‘lsc’ volume along x-
direction, at different time intervals (t). For the 60%filled stage (asmen-
tioned above) (Fig. 15(a)), the particles become regularly arrangedwith
increasing time. From about 9 s onward, everywave has double-peaked
maxima, a characteristic of the dense hexagonal packing. It is also ob-
served that waves with double-peaked maxima are formed at the
walls and progressed later into the bulk, indicating the start of crystalli-
zation at the walls.

Similar to the findings for overall packing fraction, with subsequent
vibration stages (second, third and fourth filling), the VFD patterns do
not change much except for a slight shift towards lower porosities,
(see Fig. 15(b) to 15(d)). As the transient response of the packing struc-
ture is analyzed, the effect of vibration amplitude and frequency on the
packing structure is explained in the following section.
4.2. Effect of the vibration amplitude and frequency on the packing
structure

In this section, parametric analysis of vibration amplitude and fre-
quency on the packing structure is studied. A similar filling procedure
was followed as explained in Section 2 with the change in vibration pa-
rameters. The list of cases carried out alongwith the total and ‘lsc’ pack-
ing fraction are tabulated in Table 3. The Fig. 16(a) and 16(b) show the
packing fraction with different frequencies of vibration for total volume
and ‘lsc’ volume, respectively. For the amplitude considered, thepacking
fraction for both total volume and ‘lsc’ volume increases with an in-
crease in frequency to a maximum and decreases. Similar findings are
reported for mono-sized packing with 3D vibration by An et al. [55].
As the energy input increases, particle rearrangement eliminates voids
in the initial packing, thereby increasing packing density. However,
with too high energy, the particles get highly excited, leading to distur-
bance in order structure, resulting in lower packing density.

The Fig. 17(a) to 17(d) show the void fraction distribution along x-
direction for ‘lsc’ volume for amplitudes a = 0.2, 0.3, 0.6, 1.2 mm, re-
spectively. Similar conclusions as discussed above can be drawn from
embly, (b) poly disperse particle assembly. [Color online].



Fig. 13. Comparing packing structure with and without vibration (a) Void fraction distribution in x-direction, (b) Coordination number distribution, (c) Voronoi packing fraction
distribution. [Color online].

S.R. Jaggannagari, R.K. Desu, J. Reimann et al. Powder Technology 393 (2021) 31–59
the void fraction distributions. For a considered amplitude, the min-
imas of void fraction distributions decreases signifying an increase in
packing fraction (see Fig. 17(a) to 17(d)). The variation of void frac-
tion with increase in frequency of vibration is larger for smaller ampli-
tudes (Fig. 17(a) and 17(b)) compared to larger amplitudes (Fig. 17
(c) and 17(d)). Based on this analysis, the amplitude and frequency
of vibration are chosen to be 0.6 mm and 100 Hz, respectively, for
all other simulations.

4.3. Effect of orientation of the container and direction of vibration

The influence of container orientation on the packing structure dur-
ing the filling process is analyzed, considering a horizontal container
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and an inclined container (45° orientation). The schematic of the con-
tainer in horizontal and inclined orientations is shown in Fig. 2(a) and
2(b), respectively. The filling procedure and vibration parameters are
maintained to be the same for comparing the resulting packing struc-
ture. The VFD along x, y, and z directions for both the cases are shown
in Fig. 18(a) to 18(d), respectively. It is observed that a slight distur-
bance in sphere distribution i.e., a boundary formed between two stable
configurations in the y-direction is reflected in reduction of local VFD, as
seen in Fig. 18(c). As the container is slender, this kind of pattern is pres-
ent in all sphere layers fromwall to thewall in the shortest width direc-
tion (x-direction). However, the VFDs along x and z directions, CND and
VPFD are almost similar for both the cases, as shown in Figs. 18(a), 18
(b), 18(d), 19(a) and 19(b), respectively. And also, the difference in



Fig. 14. Evolution of overall packing fraction with vibration time for mono-sized particle
assembly. [Color online].
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the overall packing fraction for both horizontal and inclined containers
is observed to be only 0.69%. Thereby, the resulting packing structure is
observed to be independent of the container orientation, similar to the
experimental observations [64]. Inclined containers are most beneficial
only in the applications that require complete filling of containers; as
seen from Fig. 18(d), the particles occupy greater height in the inclined
container than the horizontal container.

The influence of vertical and horizontal vibration on the packing
structure is analyzed for both inclined and horizontal containers. The
horizontal container is vibrated along with the container's x, y, and
z-axis (global coordinates of the container), as shown in Fig. 2(a). On
the other hand, the inclined container is vibrated along xʹ, yʹ and zʹ
direction (not global coordinates of the container). The direction of
vibration of the inclined container is similar to the horizontal con-
tainer as shown in Fig. 2(b). Fig. 20 shows the VFD, CND, VPFD for
both the orientations in different directions. The packing structure
with vibration in the x-direction is poor with high average void frac-
tions and lower peaks of CND and VPFD, as the slender dimension
does not provide enough space for the particle rearrangements. The
plots depict that assemblies obtained by vibration in the y-direction
are better than the vibration in the x-direction but not denser than
the vibration in the z-direction. Vertical vibration in both orientations
results in dense packing structure compared to horizontal vibration,
which may be attributed to the influence of gravity and space
availability.
5. Factors influencing polydisperse packing

The packing structure obtained for polydisperse particle packing is
different from mono-sized particle packing, as described in
Section 3.1. The factors that influence polydisperse packing are:

1. Ratio of the container's dimension to the mean particle diameter
(X/dm ratio).

2. Polydispersity (λ= (rmax − rmin)/dm) of particle size distribution.
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5.1. The influence of mean particle radius on polydisperse packing

To understand the influence of mean particle diameter on the pack-
ing structure, a non dimensional parameter X/dm is considered, where
dm is the mean diameter of the particles and X is the distance between
parallel walls of the container in x-direction. The polydisperse packing
cases SP2, SP3, SP4 with X/dm = 12.5, 9.01, and 8.33 as listed in
Table 2 were analyzed and compared along with previous simulated
mono-sized (case SM1 with X/dm = 8.33) and polydisperse particle
packing (case SP1 with X/dm = 18.01).

The filling strategy followed for the above caseswas similar to previ-
ous simulations, as discussed in Section 2. The VFDs along the x-
direction in ‘lsc’ volume are shown in Fig. 21(a) to 21(e), it is observed
thatwith decrease inX/dm, the bulk volumedecreases as only few layers
are formed and resulting in slightly lower packing fraction as re-
ported in Table 2, similar findings are reported for pebble packing
in cylindrical containers [60]. For polydisperse case SP4 with X/dm=
8.33, only a total of 10 layers are formed, resulting in the interlocking
of wall effect from opposite walls showing the influence in the entire
volume. However, in the case SP1, many layers are formed as X/dm is
higher, and the influence of the wall is seen only up to 4–5 layers
as reported by Reimann et al. [48], thereby leading to the formation
of bulk volume. The resulting packing structure for polydisperse
packing (with the same polydispersity) is observed to be depend
on X/dm. However, the X/dm ratio has no significant effect on the
contact number (Fig. 22(a)) and Voronoi packing fraction distribu-
tions (Fig. 22(b)).

Themono-sized case and polydisperse case SP4 have the same value
of X/dm and polydispersity equal to 0 and 0.063, respectively. For the
polydisperse case SP4, even though thewall effect is observed in the en-
tire volume, the assembly has not attained dense packing similar to
mono-sized assembly (absence of double-peaked maxima). This is due
to particle size distribution, i.e., the regular arrangement is disturbed
due to particles of different sizes (discussed in Section 5.2). Therefore,
the resulting packing fraction obtained is much less than the mono-
sized packing with the same X/dm.
5.2. Effect of polydispersity on the polydisperse packing

The variation in the particle diameters in a polydisperse assembly is
quantified using polydispersity, defined asλ=(rmax− rmin)/dm. The in-
fluence of λ on the packing structure is analyzed using the polydisperse
cases SP9, SP11, SP13, SP15 with λ = 0.0021, 0.0063, 0.021, 0.063 as
listed in Table 2.

Fig. 23(a) and 23(b) show VFD along x-direction of polydisperse as-
semblies with varying polydispersity. With the decrease in polydisper-
sity, the assembly is approaching closer to dense packing as the
orderliness of the structure increases from the wall, leading to a de-
crease in the bulk volume, even though X/dm is the same for all the
cases. Within the range of λ considered, packing fraction increases
with a decrease in polydispersity as listed in Table 2. The peaks of CND
and VPFD (see Fig. 23(c) and 23(d)) were shifted to higher values signi-
fying the increase in the orderliness of the assemblywith a decrease inλ
value.

A few more polydisperse packing cases with much lower λ
values are considered as listed in Table 2, and the packing structure
is similar to λ = 0.0021. The packing structure with λ = 0.0021
and X/dm = 8.33 is very similar to the mono-sized packing. Thus,
there seems to be a transition from mono-sized packing to polydis-
perse packing with varying values of λ, which is discussed in
Section 5.3.



Fig. 15. Transient response of mono-sized assembly for (a) 60%, (b) 80%, (c) 92%, (d) 94% filled containers. [Color online].
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Table 3
Parameteric analysis of amplitude and frequency of vibration.

Cases Amplitude, a
(mm)

Frequency,
f (Hz)

γtotal γlsc

Mono-sized dm = 2.4 mmDEM Simulations SV1 0.2 (or) 0.0833*dm 25 0.614 0.632
SV2 50 0.656 0.684
SV3 75 0.647 0.681
SV4 100 0.654 0.689
SV5 200 0.644 0.681
SV6 400 0.649 0.680

SV7 0.3 (or) 0.125*dm 25 0.629 0.656
SV8 50 0.656 0.688
SV9 75 0.650 0.688
SV10 100 0.660 0.698
SV11 200 0.650 0.690
SV12 400 0.650 0.681

SV13 0.6 (or) 0.25*dm 25 0.665 0.696
SV14 50 0.662 0.699
SV15 75 0.663 0.710
SV16 100 0.671 0.710
SV17 200 0.655 0.689
SV18 400 0.656 0.687

SV19 1.2 (or) 0.5*dm 25 0.671 0.710
SV20 50 0.667 0.715
SV21 75 0.670 0.711
SV22 100 0.671 0.711
SV23 200 0.665 0.710
SV24 400 0.654 0.697
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Table 4
Nomenclature for different volumes used for calculation of VFD, CND, VPFD.

Nomenclature Mean diameter of the particles
(dm)

Cutoff wall thickness

large slender container (lsc) 2.4 mm 10 mm at all side walls
1.11 mm 5 mm at all side walls

Bulk volume 1.11 mm 5 mm at all walls

Table 5
Nomenclature for different volumes used for calculation of VFD, CND, VPFD.

Nomenclature Mean diameter of the
particles (dm)

Cutoff wall thickness

large slender container (lsc) 2.4 mm 2dm wall layers are cutoff from all side walls
1.11 mm 5dm wall layers are cutoff from all side walls

lsc_xyz 2.4 mm 2dm wall layers are cutoff from all walls
Bulk volume 1.11 mm 5dm wall layers are cutoff from all walls

Fig. 16. The packing fraction for (a) total volume, and (b) large slender container (lsc) for various vibration frequencies. The packing fractionswere calculated after 15 s of vibration. [Color
online].
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Fig. 17. Void fraction distribution (VFD) along x-direction for ‘lsc’ for different frequencies and with amplitude (a) 0.2 mm, (b) 0.3 mm, (c) 0.6 mm, and (d) 1.2 mm. [Color online].
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Fig. 18. Comparison of void fraction distribution along (a) x, (b) x for ‘lsc’, (c) y, and (d) z directions of inclined container with horizontal container. [Color online].
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Fig. 19. Comparison of (a) coordination number distribution, (b) Voronoi packing fraction distribution of inclined container with horizontal container. [Color online].
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Fig. 20. Void fraction distribution along x-direction for (a) horizontal container, (b) inclined container: Coordination number distribution for (c) horizontal container, (d) inclined
container: Voronoi packing fraction distribution for (e) horizontal container, (f) inclined container. [Color online].
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Fig. 21. Void fraction distribution along x-direction for polydisperse packing with X/dm (a) 18.01, (b) 12.5, (c) 9.01, (d) 8.33, (e) 8.33 (mono-sized particle assembly).
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Fig. 22. Comparison of (a) coordination number distribution, (b) Voronoi packing fraction distribution for packings with different X/dm. [Color online].
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Fig. 23. Polydispersity caseswith differentλ (a) Void fraction distribution for ‘lsc’, (b) zoomed viewof void fraction distribution, (c) Coordination number distribution, (d) Voronoi packing
fraction distribution. [Color online].
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Fig. 24. (a) Void fraction distribution (VFD), (b) Coordination number distribution (CND), (c) Voronoi packing fraction distribution (VPFD) for polydisperse particle assemblywith a range
of polydispersity. [Color online].
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5.3. Transition of packing structure from mono-sized to polydisperse
packing

The polydisperse packing structure obtained with λ = 0.0021 (see
Section 5.2) is similar to the mono-sized particle assembly. Here, a few
more polydisperse packing are analyzed to understand the transition
from mono-sized packing to polydisperse packing.

The cases like SM1, SP9, SP15, SP17 with λ=0, 0.0021, 0.063, 0.125
as listed in Table 2 are analyzed here. The packing structure is character-
ized using VFD, CND, VPFD as shown in Fig. 24. The above quantities for
λ = 0.0021 are in good match with mono-sized assembly, which im-
plies that the polydisperse packing is approachingmono-sized packing.
Within the range of λ studied, the packing fraction decreases with the
increase in polydispersity. With the increase in λ, the orderliness de-
creases from the wall, and irregular arrangements occur, leading to
Fig. 25. The distribution of first wall layer spheres on side wall-3 for polydisperse packing w
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the bulk volume. This can be clearly observed from particle distribution
on the wall layer.

Particle arrangement in the first wall layer in xy and yz plane is
shown in Figs. 25 and 26. The particle distribution of polydisperse
packing with λ = 0.0021, was in good agreement with mono-sized
packing, compare Fig. 25(a) with Fig. 7(a), and Fig. 26(a) with Fig. 5
(a). The figures can be compared based on the wall coverage and ar-
rangement of the spheres on the wall. Fig. 25(a) and Fig. 7(a) have sim-
ilar (low) wall coverage, and the spheres are mostly seen to arrange at
an angle of 45°. Fig. 26(a) and Fig. 5(a) have dense wall coverage and
regular arrangement of particles with vertical chains. The particles
have a regular arrangement for the assembly with λ= 0.0021, whereas
the randomness increases for λ=0.063 and 0.125. The randomness ob-
served on thewall layer continues in the entire container leading to bulk
volume for λ = 0.125. Therefore, the variation of particle sizes in the
ith polydispersity of (a) 0.0021 (SP9), (b) 0.063 (SP15), (c) 0.125 (SP17). [Color online].



Fig. 26. The distribution of first wall layer spheres on back wall for polydisperse packing with polydispersity of (a) 0.0021 (SP9), (b) 0.063 (SP15), (c) 0.125 (SP17). [Color online].
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assembly increases the randomness of the packing, thereby decreasing
the packing fraction of the assembly.

6. Summary and conclusions

In this work, packing of mono-sized and polydisperse spherical
particles in a slender prismatic container assisted by one-dimensional
vibration is simulated. The simulation results are in good agreement
with the experimental findings. Further, the transient response of
the mono-sized assembly during the vibration process is studied.
Within the range of amplitude and frequency of vibration considered,
vibration is found to increase the orderliness of particle packing,
which leads to the close packing of particles. However, with higher vi-
brational energy, disturbances in the order structure arise because of
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highly excited particles, leading to a lower packing density. The influ-
ence of the inclination of the container, during filling, on the packing
structure is studied. The packing structure is found to be independent
of the orientation or the inclination of the container. However, inclined
containers are most beneficial in the applications requiring complete
filling of the containers. Granular assemblies, when subjected to verti-
cal vibration, are found to form densely packed assemblies as com-
pared to horizontal vibration. This effect may be attributed to the
space available for particle mobility and the assistance of gravity. Fur-
ther, the influence of X/dm ratio and λ in polydisperse granular assem-
bly on the packing structure is studied. Higher X/dm ratio for a granular
assembly leads to the formation of the zone with a random arrange-
ment of particles. This is due to the decrease in the influence of walls
on the particle arrangement with the increase in the X/dm ratio. The
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effect of the wall is limited to 4d-6d layers of particles independent of
the X/dm ratio. Therefore, with the increase in the X/dm ratio, an in-
crease in particle layers leads to the increase in the formation of
zones of random arrangement of particles. Particle mobility increases
with the increase in polydispersity (λ ≈ 0.125). Due to the increase
in particle mobility, the randomness in the particle arrangement in-
creases. Therefore, with the increase in polydispersity (λ), there is an
increase in the zones of random arrangement of particles. This work
shows that the DEM simulations can capture the realistic packing
structure of granular assemblies obtained through various filling strat-
egies and geometric variations.
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